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The effects of surface curvature and slope-of-curvature on the performance
of aerofoils used in small wind turbines are studied experimentally and numer-
ically. A symmetric aerofoil NACA0012 and an asymmetric aerofoil E387 are
judiciously selected as an example of an aerofoil with a surface curvature dis-
continuity and an example of an aerofoil with slope-of-curvature discontinuities
respectively. The prescribed surface curvature distribution blade design (CIR-
CLE) method is applied to both aerofoils to remove the curvature and slope-of-
curvature discontinuities. The newly designed aerofoils have continuous curvature
and slope-of-curvature distributions and have nearly identical geometry compared
to the original aerofoils, denoted as QM13F and A7.
Low-speed wind tunnel experiments, together with two numerical methods, are
conducted to aerofoil E387 and A7 to investigate the effects of slope-of-curvature.
The slope-of-curvature discontinuities of E387 result in a larger LSB, which causes
higher drag at low angles of attack, and result in premature LSB bursting process
at higher angles of attack, causing earlier stall. The impact of the slope-of-
curvature distribution on aerodynamic performance is more profound at higher
angles of attack and lower Reynolds number. The aerodynamic improvements
are estimated over a 3 kW small HAWT, resulting in up to 10% increase in
instantaneous power and 1.6% increase in annual energy production.
In terms of the effects of surface curvature, the curvature discontinuity at the
leading edge affects aerofoil lift and drag performance near the stalling angle
in the steady flow, and it is estimated in a 5 kW small VAWT that the power
coefficient can be increased by 9.7% by removing the curvature discontinuity.
Acoustic experimental measurements were performed on aerofoil E387 and A7
in an anechoic wind tunnel to investigate effects of slope-of-curvature on aerofoil
acoustic performance. The in-house CFD code Cgles was modified to perform
large eddy simulation (LES) the 3D aerofoil sections to further investigate the
experimental phenomenon. The tonal noise of E387 at different angles of attack
is reduced by removing slope-of-curvature discontinuities.
iv
It is experimentally and numerically concluded that continuous curvature and
slope-of-curvature distributions can result in better aerodynamic performance of
the aerofoil used in small wind turbines, leading to lower aerofoil self-noise and
higher energy output efficiency.
v
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1.1 A Brief Introduction to Wind Energy
1.1.1 Historical Perspectives of Wind Power Technology
Wind energy has been used for more than three millennia. The first wind machine
device was discovered in ancient Persia around 300 B.C. It was a vertical axis
machine used for grinding grain. In the past wind machines were also used for
mechanical applications such as pumping water for the purpose of irrigation, or
providing power for milling. The first wind turbine with the purpose of electricity
generation was manufactured by Charles F. Brush in USA in 1887. It was 18 m
tall and 4 tons weight. Due to the low rotating speed and efficiency, it can power
a 12kW generator.
During the World War II, a number of Danish companies have made signif-
icant improvements to wind turbine technology to overcome energy shortages.
However, during the post war era, mainly due to the low price of crude oil, inter-
est in energy extraction from wind turbines diminished significantly. The recent
return to the development of wind turbine technologies started in late 1970 in
response to oil crises in 1973 and 1979. Many countries including the USA, Ger-
many and Denmark put considerable investment into wind energy research in
1
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order to decrease their dependency on crude oil. For instance, in 1978 the US
congress passed an important act known as PUPRA (Public Utility Regulatory
Policies Act) to provide enough credit for the development of renewable energy
systems [1].
Recently energy and environment issues are the two key factors that have
significant impacts on global politics, economy, science and technology. Depleting
fossil fuels (e.g. crude oil and coal) and the increasing pollution caused by the
use of these fuels are seriously concerned. It was then realized the urgency and
importance of the usage of renewable energies. As a typical sustainable and
inexhaustible energy, wind energy has been considered as a future energy with a
prospect of large-scale commercial applications, and hence developed rapidly in
the last three decades.
1.1.2 Wind Turbine Configurations
Modern wind turbines are commonly classified according to the axis of the rotor
as: Horizontal Axis Wind Turbine (HAWT) and Vertical Axis Wind Turbine
(VAWT). The rotation axis of HAWT is parallel to wind direction, while the
rotation axis of VAWT is perpendicular to wind direction.
HAWTs is more popular than VAWTs in the global wind power market. HAWT
can be operated in higher wind speed compared to VAWT, and it has a small
footprint and relatively stable aerodynamic loads. However, HAWT requires an
active yaw device to adjust wind orientation. Larger size blades significantly
increase manufacture and transportation cost. It requires high maintenance fees
due to its specific configuration and the wind farm location. HAWTs can be
further categorised to upwind and downwind types.
As the earliest wind machine device, VAWT is suitable for all wind directions
so it does not require active yaw control due to the direction of the rotation axis.
Compared to HAWT, it is relatively easy to operate and maintain because the
drive system is installed on the ground. Though it usually cannot self-start and
can only operate in low wind speed. Moreover, it always experiences reversed
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aerodynamic force due to the vertical axis of rotation. Some typical VAWTs are
presented in Figure 1.1:
Figure 1.1: Typical types of vertical axis wind turbines
Figure 1.2: Classification of wind turbines based on rated power and rotor diam-
eter
Wind turbines can also be classified in terms of the sizes and rated power, as
shown in Figure 1.2. Technically there is no absolute definition to distinguish the
scale of wind turbines. Large-scale and small-scale wind turbines are generally
considered as wind energy projects greater than 1 megawatt (MW ) and smaller
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than 50 (kW ) respectively. The wind turbines with the rated power between
them are considered as medium-scale wind turbines.
According to the standard IEC 61400-2 from International Electrotechnical
Commission (IEC), small wind turbines have a rotor swept area of less than 200
m2, equating to a rated power of approximately 50 kW . Though several leading-
role countries extend the upper capacity limit towards 100 kW due to the rapid
growing size of small wind turbine capacity [2].
1.1.3 Status and Trends of Wind Energy Utilisation
From 1990 to the end of 20th century, wind energy has had the fastest rate of
growth globally compared to other sources of energy [3]. According to the latest
data from Global Wind Energy Council (GWEC) [4], the global wind power
installed capacity has reached 432,883 MW by the end of 2015. Figure 1.3(a)
and (b) present global annual and cumulative installed wind capacity respectively
from 2001 to 2015, showing the rapid growth of global wind power industry in the
past 15 years. The market of small wind turbines experienced a 12% increase in
global installed capacity and the cumulative installed units of small wind turbines
has reached 870,000 with a total capacity of 755 MW by the end of 2013, in which
China, the USA and the UK respectively accounts for 41%, 30% and 15% [2].
GWEC predicts that wind power will account for 12% of the world’s total
electricity by 2020 [4]. European Union plans to make the installed capacity
of renewable energy meet 20% of the total electricity demand of EU countries
by 2020, and most of which comes from wind power. European Wind Energy
Association expects that wind power capacity will grow rapidly and the cumu-
lative installed capacity in 27 European countries will reach 180 GW by 2020.
US Department of Energy pointed out that wind power will cover 20% of the
whole nation’s electricity needs by 2030, which means the cumulative installed
capacity of wind power will reach 305 GW in US. Meanwhile, World Wind En-
ergy Association (WWEA) provides a forecast that the growth of small wind
turbines market can keep a rate of 20% and their cumulative installed capacity
can achieve 2 GW by 2020. As an important part of future energy supply, wind
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Figure 1.3: Global annual and cumulative installed wind capacity from 2001 to
2015, reproduced from GWEC’s global annual report [4]
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1.2 Opportunities and Challenges for Small
Wind Turbines
1.2.1 Opportunities in the Applications of Small Wind
Turbines
Although large-scale wind turbines accounts for the major part of the global
installed capacity of the wind power, it is reported that large-scale wind farms
have impacts on the climatic conditions [5]. A 3D climate model was employed by
Wang et al. [6] to simulate the possible climate impacts due to the increasing size
of the large-scale wind farms in the future 60 years. They found that the surface
temperature can be increased by 1◦C when the installed capacity of large-scale
wind turbines meets 10% or more of world-wide energy requirement, regardless
the potential effects on the environmental factors such as aeroacoustic noise level
and ecology. Fiedler et al. [7] used a regional weather research and forecasting
model to simulate the climatic effects of a giant wind farm for 62 warm seasons of
the USA, and found that the installation of the large-scale wind farm can increase
the precipitation rate by 1.0%.
In the investigation of Keith et al. [8], they found that the size of the large-
scale wind farm is directly proportional to the increment of the precipitation rate
under certain circumstances. Tummala et al. [5] suggested to make full use of
small wind turbines to build decentralised grid system in order to make wind
power generation ‘truly’ sustainable. Besides, in the rural regions or developing
areas without the grid power, small wind turbines can be a remarkably valuable
source to obtain power. Varied from large-scale wind turbines, small wind tur-
bines experience their particular challenges such as the fluctuation of the wind
speed and the variation of the wind direction. It is eager to find solutions for
small wind turbines to increase power efficiency, to increase the reliability of
the machine, to reduce initial manufacturing and installing cost, and to reduce
operating aeroacoustic noise.
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1.2.2 Challenges in the Aerofoils for Use in Small Wind
Turbines
The smaller sizes and dimensions of small wind turbine blades make their
chord based Reynolds numbers at different blade sections (aerofoils) significantly
smaller compared to large-scale wind turbines [9]. Typically Reynolds numbers
for small wind turbines are on the order of 105 or even less while large-scale wind
turbines often operate at a Reynolds number in excess of 106 [10]. For specific
Reynolds numbers, wind turbines requires specific aerofoils for the blades. In
early 1900s, researchers from the National Advisory Committee for Aeronautics
(NACA) systematically measured and analyzed the effects of different geometri-
cal parameters (e.g., leading edge (LE) radius, relative thickness, the maximum
thickness position, relative camber, etc) on the aerodynamic performance of aero-
foils in the wind tunnels of different scales [11, 12, 13]. These NACA series aero-
foils were initially specialised for aeronautical purpose and subsequently applied
to the design of wind turbine blades (e.g., NACA 44 series and NACA 63 series).
However, researchers realized that the blades based on NACA series aerofoils
are extremely sensitive to environmental factors such as dusts and insects [9].
This blade leading edge sensitivity to the contamination due to the aerofoil se-
lection can reduce the annual power output by 30% [14]. Since 1980s specialised
aerofoil families for wind turbines were designed according to the differences of
operating conditions between wind turbines and aeronautical aircrafts, such as
operating Reynolds numbers, profile sensitivity to environmental factors and rel-
ative thickness of the blade root. Until 1990s The National Renewable Energy
Laboratory (NREL) developed nine families of specialised aerofoils (S series) for
the wind turbines of different types [14]. They tested NREL S series aerofoil
families in a low turbulence wind tunnel [15, 16, 17, 18] and reported that the
wind turbines with newly designed aerofoils can reduce the annual energy loss by
half compared to the turbines with NACA series. The key to the performance
improvement is keeping the maximum lift coefficient of the aerofoils insensitive
to the leading edge roughness due to the contamination in the design process.




Figure 1.4: Typical NREL S series specialised aerofoil families for large wind
turbine blades, reproduced from NREL’s design report [14]
Due to the limitations of the aeronautical aerofoils and continuous development
of the large-scale size of wind turbines (especially for HAWTs), the development
process of the wind turbine specialised aerofoils can be concluded as a persis-
tent pursuing to thick aerofoils with excellent aerodynamic performance. The
NREL S series aerofoil families have relative thickness between 13% and 26%,
and hence they cannot meet the increasing demand for aerofoils with greater rel-
ative thickness in larger wind turbines [19]. More recently aerofoils with univer-
sality dedicated to larger wind turbines were developed, such as FFA series from
the Aeronautical Research Institute of Sweden [20], Risø series from Risø DTU
National Laboratory [21] and DU series from the Delft University [22]. These
wind turbine dedicated aerofoil families have wider range of relative thickness
and more specified for large-scale wind turbines.
However, these aerofoil families may not be the best option for small wind
turbines due to the specific aerodynamic requirement for low operating Reynolds
number, and the structural requirement for smaller thickness. At low Reynolds
numbers, especially when Re < 2 × 105, the performance of the aerofoils which
present excellent aerodynamic performance at high Reynolds numbers degraded
significantly. Premature flow separation phenomenon occurs on the aerofoil suc-
tion surface, causing a sharp increase in the drag coefficient and hence a signifi-
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cant decrease in the maximum lift-drag ratio [23, 24, 25]. Meanwhile, symmetric
aerofoils exhibit non-linear trends on the lift performance at low angles of attack
(AoAs), and the distribution of lift, drag and moment coefficients present static
hysteresis phenomena with the variation of the AoAs [26, 27]. These unique low
Reynolds number flow phenomena on aerofoils make the selection of aerofoils for
small wind turbines even more difficult.
Currently low Reynolds number aerofoils are widely used in small HAWTs
due to their high lift and soft stall features as well as the overall good perfor-
mance. Thinner geometry of low Reynolds number aerofoils helps to reduce the
adverse pressure gradient on the suction side which can naturally suppress the
laminar flow separation from the aerofoil surface [28, 29, 30]. One of the typical
low Reynolds number aerofoil that is popular on small HAWTs is Eppler 387
(E387), which was developed by Eppler [31] in the 1960s and was proved to be
an outstanding aerofoil for sail-planes. Due to the excellent aerodynamic perfor-
mance at low Reynolds numbers (Re < 5×105), this aerofoil drew the attentions
of global researchers from Delft University of Technology [32], Stuttgart [33],
NASA Low-Turbulence Pressure Tunnel (LTPT) [34], University of Illinois at
Urbana-Champaign (UIUC) [35], etc. Researchers conducted wind tunnel tests
on aerofoil E387 at various low Reynolds numbers and the lift-drag polar curves
was summarised by Mcarthur [36], as shown in Figure 1.5. The figure shows
that different facilities obtained similar lift or drag performance data in their
own wind tunnel experiments at Re > 2 × 105. The obtained performance data
are more sensitive to the measurement environment (e.g., turbulence intensity,
model manufacturing material, etc.) at Re < 2×105 and hence less repeatable at
different wind tunnels. Mcarthur [36] suggested that the differences in measuring
techniques at different tunnels may also be the reason for the different experi-
mental data from the facilities. It is certain that the performance of the aerofoil
E387 becomes more complicated and highly sensitive and hence more difficult to
predict at low Reynolds numbers.
Mcghee et al. [34] observed the size of the laminar separation bubble (LSB) on
the suction side of the aerofoil E387 at low Reynolds numbers, and found that at
low angles of attack and Re < 1 × 105, the flow separation failed to re-attach to
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Figure 1.5: Lift-drag polar curves of the aerofoil E387 at different Reynolds
number obtained from different facilities and summarised by Mcarthur [36]
the suction surface and hence caused a stall at low attack angles. If the aerofoil
is applied to small HAWT, this behaviour certainly affects the power efficiency
at low operating Reynolds numbers. Recently Yang and Spedding [37, 38, 39]
proposed to solve this problem by local acoustic excitations. They embedded 180
speakers in 6 rows on the suction side of their 54 cm-long E387 wing model and
observed that the flow separation and the separation bubble can be effectively
controlled by an 800 Hz excitation frequency at Re = 6×104. They also suggested
that the spatial excitation locations need to considered carefully to achieve a
optimal passive control result. The method of embedded acoustic excitations [39]
is an excellent idea to increase the aerodynamic efficiency of the devices operating
at low Reynolds numbers, especially for micro air vehicles (MAVs), regardless the
initial manufacturing cost and aeroacoustic noise level which are two important
factors for the small wind turbines marketing.
Korakianitis et al. [40] suggested that the aerodynamic performance of E387
at low Reynolds numbers is affected by its inherent surface slope-of-curvature
discontinuities. They numerically confirmed that it can help the aerofoil E387
to offer better lift and drag performance at Re = 105 by removing the slope-of-
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curvature discontinuities. In this way an aerofoil with a nearly identical profile
but better performance is provided, and it can be directly applied to replace
the original aerofoil to improve the efficiency of small HAWTs because it meet
the requirements of higher-efficiency (better aerofoil performance) and lower-cost
(no need to modify the blade design) in the markets of small wind turbines. Yet
mechanism behind the performance improvement remained unknown and this
needs to be validated in experimental works.
Heffron et al. [41] found that micro vortex generator (MVG) vanes can help
to control flow separations on aerofoil E387 at a low Reynolds number. In their
large eddy simulations (LES) at AoA = 12◦ and Re = 2× 105, a MVG vane that
was set at the design angle 18.5◦ was found most effective on E387 and it gener-
ates longitudinal vortices which affect the wall shear stress to suppress the flow
separation. Installing MVG vanes to the blades can be a smart way to increase
the power efficiency of small HAWTs and they will not significantly increase the
initial cost of the turbines. Though the aerodynamic shape is changed due to the
introduction of the MVG vanes, their effects of on the aerofoil performance at
different AoAs and Reynolds numbers needs to be investigated further to ensure
that the total turbine efficiency is increased.
Similar to E387 (max thickness 9.1% and camber 3.8%), SD2030 [42] (max
thickness 8.6% and camber 2.2%) is also a sail-plane aerofoil with steady aero-
dynamic performance at low Reynolds numbers and hence used in many small
HAWTs (e.g. the Southwest AirX series). This aerofoil presents a thinner LSB
on the suction side at at low Reynolds numbers resulting to lower drag and lower
lift compared to E387. NREL specifically designed aerofoils S822 and S834 [43]
for the small HAWTs operating at moderate Reynolds numbers (Re = 6 × 105
and Re = 4 × 105 respectively) while S834 took low noise into design considera-
tion. These two aerofoils were experimentally proved to have more steady stall
performance at Re = 5×105 compared to the aerofoil E387. Aerofoil SH3055 [44]
is another small HAWTs used aerofoil, and similar to most low Reynolds num-
ber aerofoils, it has good performance at moderate Reynolds numbers but suffers
from the LSB at Re > 1 × 105. Therefore the key point to increase the small
HAWTs efficiency is to control the size of the LSB at low Reynolds numbers.
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Giguere and Selig [29] presented three primary aerofoils with 10% maximum
thickness and one root aerofoil 16% maximum thickness (SG604X family) which
are specially designed for 1 − 5 kW rated power small wind turbines. They
tested all of the four aerofoils in UIUC low-turbulence subsonic wind tunnel and
reported that the SG604X family can offer lift coefficients of 1.4 ∼ 1.65 at the
Reynolds number ranging from Re = 1 × 105 to Re = 5 × 105. They hence
confirmed that the newly designed aerofoils have enhanced lift-drag performance
over many other low Reynolds number aerofoils. Based on genetic algorithm,
Ram et al. [45] designed an low Reynolds aerofoil USPT2 with 10% maximum
thickness. They claimed that the aerofoil has better lift-drag performance than
SG604X family [29] when the attack angle is beyond 10◦ and the lift drop beyond
the stalling angle is milder than similar aerofoils. Moreover, using a pressure-
load prescription method, Henriques et al. [46] designed an aerofoil with high
lift performance (Cl is close to 2) for urban wind turbines at Reynolds numbers
ranging from 6 × 104 to 106. Other low Reynolds number aerofoils used in small
HAWTs are FX 63-137 designed by F.X. Wortmann [47], recent AF300 [48, 49]
from the University of the South Pacific, etc.
Wessels et al. [50] proposed a Non-Uniform Rational B-Splines (NURBS) based
aerofoil design method for small wind turbine blades. The method allows a
designer to directly control the chord line and the AoA of an original aerofoil by
describing the top and bottom lines or thickness and camber lines with B-splines
control points. The B-splines curves ensured surface curvature continuity, and
they found that the redesigned aerofoil offers better aerodynamic performance.
In small VAWTS, however, the suction side and pressure side of a turbine
blade changes periodically and the AoA varies in a wide range from negative to
positive during rotation of a VAWT. Symmetrical NACA four-digit aerofoils are
widely applied in commercial VAWTs due to their comparatively better stalling
performance at low Reynolds numbers, as well as the availability of detailed
geometric and experimental data of aerofoil performance [51, 52, 53]. But due to
the disadvantages of the aeronautical aerofoils NACA series as described earlier,
efforts are made to redesign the symmetrical NACA four-digit aerofoils in order
to obtain better aerofoil performance at low Reynolds numbers.
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The Sandia National Laboratories [54] used Eppler’s design code PROFILE [55]
to redesign the aerofoil NACA 0015 to improve the aerofoil performance at low
Reynolds number by maintaining the longer extents of natural laminar flow. The
redesigned aerofoil is denoted as SAND 0015/47 as shown in Figure 1.6(a). The
aerofoil SAND 0015/47 has a smaller LE radius and slightly smaller maximum
thickness compared to NACA 0015. In order to demonstrate the improvement
in power output resulting from different aerofoils, Klimas [54] applied both the
original and the redesigned aerofoils to a 5-m diameter VAWT while all other
parameters of the wind turbine are unchanged. In their wind tunnel test and
field test, Klimas [54] reported that the VAWT with aerofoil SAND 0015/47 is
able to remain nearly constant power coefficients over a wider range of tip speed
ratios (TSRs) than the VAWT with NACA 0015, although he found that the
VAWT with aerofoil SAND 0015/47 has a lower peak efficiency.
(a) (b)
(c)
Figure 1.6: Redesigned works on symmetrical NACA four-digit aerofoils (a)
SAND 0015/47 [54] (b) DU 06-W-200 [56] (c) NACAopt [57]
Based on NACA 0018 profile, Claessens [56] used redesigned the aerofoil by
searching the optimal maximum camber and maximum thickness. He used the
code RFOIL to calculate the lift and drag coefficients during the searching process
and compared to the aerodynamic performance of NACA 0018 to look for the op-
timal parameters for the new aerofoil geometry. Claessens consequently designed
a new aerofoil DU 06-W-200 with 2% increase in thickness and 0.8% increase in
1 Introduction 14
camber, as shown in Figure 1.6(b). The aerofoil DU 06-W-200 is found to have
higher maximum lift coefficient for positive AoAs due to a smaller separation
bubble on the suction side, and equal performance for negative AoAs. In fact,
according to the geometric variation of the newly designed aerofoil, Claessens’s
design method involuntarily reduced the effects of the surface curvature continu-
ity at the LE point of NACA 0018 and hence increased the aerofoil performance,
as we will demonstrate in detail in Chapter 4. Similar design process were also
used by Islam et al. [58] to obtain a VAWT dedicated low Reynolds number
aerofoil M1-VAWT1.
Saeed et al. [59] applied inverse design method to obtain a new aerofoil with
better performance at low Reynolds numbers. They specified desired velocity
and boundary layer characteristics over aerofoil segments of NACA0018 with the
aerofoil geometric constraints in order to control the size of LSBs which dominates
the aerodynamic performance at low Reynolds numbers. They reported that the
new designed aerofoil can lead an 10% to 15% increase in the performance of the
corresponding VAWT. More recently Carrigan et al. [57] coupled the generation of
aerofoil geometry and mesh, CFD simulation and differential evolution algorithm
to optimize aerofoils for the VAWTs. The automatic design process provided an
optimized aerofoil NACAopt to replace the original aerofoil NACA0015, as shown
in Figure 1.6(c). They claimed that the VAWT efficiency can be increased by 6%
when replacing with the new aerofoil NACAopt. Though it cannot be neglected
that the aerofoil NACAopt increased 58% in thickness compared to NACA0015
which means that the aerofoil geometry was changed significantly and it is not
fair to compare the capacity of two aerofoils with different thickness. In other
words, aerofoils with practically identical geometries but with better performance
are required for the small VAWT opering in low Reynolds numbers.
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1.3 Previous Research into the Performance of
Low Reynolds Number Aerofoils
Operating at low Reynolds numbers, small wind turbines do not always offer
good aerodynamic performance subjected to inherent effects of flow separation
and stall on the blades. The flow on blade sections separates due to a suffi-
ciently large magnitude of the adverse pressure gradient and changes in flow
geometry including local surface curvature variations at low Reynolds numbers.
The flow experiences transition process to turbulence and can result in a stall
(without turbulent re-attachment) or a laminar separation bubble (with turbu-
lent re-attachment) [60]. Either way, the overall aerodynamic performance of the
blades is reduced and hence the output power of wind turbines is decreased [49].
1.3.1 Time-Averaged Laminar Separation Bubble
The LSB is actually a flow pattern which refers to a flow region between the lami-
nar separation position and turbulent re-attachment position. This region usually
denotes a time-averaged area inside the dividing steamline which separates the
recirculating region from the separated flow. The time-averaged structure of a
two-dimensional LSB is presented in Figure 1.7. The earliest experimental study
of the LSB were performed in 1960s [61]. Tani [62] found that in a LSB the static
pressure keeps almost constant between the laminar separation point and the po-
sition of laminar-turbulent transition. Hence this constant static pressure region
is denoted as ‘dead air’ region. Tani [62] also observed that the surface pressure
subsequently presents a sudden recovery (showing as a sudden drop in Figure 1.7
(b) as it is a −Cp curve) shortly following the position of the laminar-turbulent
transition. The separation bubble increases the boundary layer thickness above
the aerofoil, resulting in loss of lift force and increase of pressure drag.
Horton [25] suggested that the angle of attack and the Reynolds number are
two dominant factors that affecting the position and the size of the LSB at low
Reynolds numbers. He found that the LSB contracts as the AoA or the Reynolds




Figure 1.7: Sectional View of a two-dimensional LSB and its corresponding pres-
sure distribution, reproduced from Horton’s thesis [25]. S, T and R respectively
denotes the position of laminar separation, laminar-turbulent transition and tur-
bulent re-attachment
Horton [25] summarised the growing and bursting process of the LSB to three
stages. Stage 1 is a LSB on the suction side of an aerofoil at a low AoA and a low
Reynolds number which is also refered as a ‘mid-chord bubble’ [63]. Researchers
found that at Stage 1 the LSB can occupy longer than 30% of the aerofoil chord
length [26, 34, 64]. As the AoA increases at a constant low Reynolds number,
the LSB contracts and moves towards the LE point. O’Meara and Mueller [65]
found that in this contracting process the length of the LSB decreases with the
increasing AoA, but the thickness of the LSB increases. They also found that
an increasing Reynolds number decreases the size of the LSB by reducing its
thickness and length, while it does not have significant effects on the location of
the LSB. Stage 2 is a ‘short LSB’ at the LE region of the aerofoil. McGhee et
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al. [34] observed that an aerofoil may experience natural transition as the AoA
increases at a constant Reynolds number(i.e., between Stage 1 and Stage 2). They
found that the mid-chord LSB disappears at a moderate AoA and the aerofoil
experiences natural transition rather than a laminar separation bubble. As the
AoA continues to increase, the short LSB at the LE region bursts and becomes
a ‘long LSB’ (Stage 3). The long bubble quickly extends and may occupy the
whole suction side surface of the aerofoil, consequently causing the LE stall [62].
Figure 1.8: The effects of the short and long LSB on the distribution of surface
pressure of an aerofoil, summarised by Malkiel and Mayle [66]
Malkiel and Mayle [66] summarized that the effects of short and long LSBs
on the surface pressure distributions are different, as shown in Figure 1.8. They
reported that a pressure peak was found at the LE region of the aerofoil with
a short LSB, and the absolute value of the peak is slightly smaller compared to
the invisicid flow. Consistent with Tani’s description [62], Malkiel and Mayle [66]
also found a nearly constant-value pressure at the LSB region which is followed
by a sudden pressure recovery due to the larminar-turbulent transition, and the
subsequent surface pressure following the pressure recovery returns to that in
the inviscid flow. Meanwhile, for a long LSB, the contant pressure region is
correspondingly longer before it returns to the level of the inviscid flow due to
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the increased length of the LSB.
Researchers have noticed that low Reynolds number aerofoil performance is
dominated by laminar separation bubbles. McGhee et al. [34] conducted wind
tunnel tests on the aerofoil E387 over a range of low Reynolds numbers from
6× 104 to 4.6× 105 and applied oil flow technique to the aerofoil surface in order
to visualise the extension of the LSB at the Reynolds numbers ranging from
1×105 to 3×105. The visualised LSB sizes were used to analyse the their effects
on the lift and drag performance on the aerofoil at low Reynolds numbers. They
concluded that at Reynolds numbers below 2 × 105 LSBs dominate the aerofoil
performance, and at Reynolds numbers above 2 × 105 the effects of LSBs on the
aerofoil performance are not obvious.
Selig et al. [42] agree with the conclusion of McGhee et al. [34] and experimen-
tally confirmed these low Reynolds number operations are highly dependent on
laminar boundary layer behaviour. They suggested that the LSB has significant
effects on the drag performance at the mid-lift range of AoA when the Reynolds
numbers are below 2×105 , and denoted the increased drag resulting from the LSB
as ‘bubble drag’. In their later research [35, 44], they repeated the upper-surface
oil flow technique to the aerofoil E387 at Reynolds numbers 2× 105 and 3× 105.
The LSB sizes they obtained are similar to the results from McGhee et al. [34]
and confirmed that the effects of the ‘bubble drag’ on the aerofoil performance
at these two Reynolds numbers are not significant. Unfortunately they did not
conduct the oil flow experiments at Reynolds number 1 × 105 or below due to
run time limitation of their experiments, and hence the discernible ‘bubble drag’
Re 6 1 × 105 was not experimentally proved.
Ol et al. [67] conducted LSB visualization experiments on the aerofoil SD7003
at Re = 6×104 in a tow tank, a wind tunnel and a water tunnel separately. Two
dimensional Particle Image Velocimetry (PIV) technique was used to resolve the
LSB in the boundary layer. They observed a 30% chord length mid-chord LSB
on the suction side of the 8-inch long aerofoil at AoA = 4◦ in the tow tank and
the wind tunnel. Meanwhile, the LSB observed in the water tunnel was found to
be more upstream and its length was 10% chord length longer than those of other
two facilities. They also reported that the height of the LSB are measured to be
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nearly same at the three facilities. They concluded that time-averaged LSB at a
low Reynolds number is very sensitive and highly dependent on the flow quality
including turbulent intensity in experimental facilities. The LSB was considered
as a detriment to low Reynolds number aerofoils.
More recently Van Treuren [68] compared low Reynolds number aerofoil per-
formance results between wind tunnel tests and commonly used computational
tools, and reported that the current common computational tools still cannot
accurately predict aerodynamic performance of a low Reynolds number aerofoil
due to wrong predictions of the LSB. He claimed that the inaccuracy of the aero-
foil performance predictions can be the largest error source in small wind turbine
design at low Reynolds number ranges, and hence confirmed the necessity of the
aerofoil wind tunnel experiments at low Reynolds numbers.
1.3.2 Time-Resolved Boundary Layer Behaviour on Low
Reynolds Number Aerofoils
To study the unique boundary layer behaviour at low Reynolds numbers, great
efforts were made to investigate the time dependent transition process in the
separated shear layer on the aerofoils. Brendel and Mueller [69] used hot wire
anemometry to measure time depedent velocity profiles near the LSB on the
aerofoil FX63-137 in a subsonic wind tunnel at Re 6 2 × 105. They found
that the transitional Reynolds number increases when increasing the momen-
tum thickness Reynolds number at the separation position. They suggested that
the initial growth of small-amplitude disturbances is attributed to the Kelvin-
Helmholtz inviscid instability, and the aerofoil surface proximal to the separated
flow affects the flow stability through preventing to form large vortices and their
subsequent pairing. Alam and Sandham [70] performed a two-dimensional and
three-dimensional direct numerical simulation (DNS) on a short LSB. The sep-
aration of the boundary layer was forced by a suction profile which was applied
on the upper boundary of the computational domain. It is found that non-linear
stability occurred in the transition process as the disturbance amplitude grows.
They also reported that two-dimensional DNS can not sufficiently capture the
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LSB characteristics compared to three-dimensional simulations.
Burgmann et al. [71] performed a time-resolved scanning particle image ve-
locimetry technique on the suction surface of the aerofoil SD7003 at 2 × 104 6
Re 6 6×104 to visualize the LSB structure, and to investigate the mechanism of
the roll-up of the transitional shear layer resulted from the growing disturbances.
They observed the complete process of turning a small disturbance to a large
vortex within the LSB. They reported that the rolling up shear layer became
quasi-periodic shedding vortices with spanwise extensions of 10% to 20% chord
length on the suction surface.
In their later research, Burgmann et al. [72] investigated the reason for the LSB
flapping on the suction surface of aerofoil via time-resolved PIV measurements.
They presented a comparison of mean and instantaneous flow field of a separation
bubble on the suction side of an aerofoil, as shown in Figure 1.9. Unlike a steady
LSB in the mean flow field, they suggested that the bubble length varies in time,
resulting in pressure fluctuations which is responsible for the aerofoil self noise.
They also suggested that the turbulent re-attachment of the LSB may be gov-
erned by KelvinHelmholtz instability or a similar mechanism, forming large-scale
vortices at the re-attachment position. These highly unsteady large-scale vor-
tices resulted in the bubble flapping. Through scanning PIV measurements, they
observed that the typical vortex pairs including c-shape vortices and screwdriver
vortices which dominate the streamwise and spanwise vorticity distribution be-
tween the position of laminar-turbulent transition and the re-attachment position
within the LSB.
The roll-up vortices deform to three dimensional after the initial 2D roll-up
of the shear layer, and subsequently split up to smaller scales [73]. The process
of vortex formation and LSB flapping as shown in Figure 1.9 leads to undesir-
able unsteady loadings causing worse aerodynamic performance and higher level
of aerofoil self noise. It also results in tonal noise emission. At low Reynolds
numbers, the aerofoils with unsteady LSBs exhibit considerable tonal noise. The
relevant study was firstly conducted by Paterson et al. [74]. Based on experi-
mental data of measured tonal noise frequencies and the corresponding velocities
U , they suggested that the primary tonal frequency increases as a function of
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U0.8 for a mild increase or decrease in flow velocity. However, the primary tonal
frequency will suddenly change to a secondary tone when keeping increasing or
decreasing the velocity, and this change happens multiple times for a wide enough
range of flow speed. Paterson et al. [74] referred this phenomenon as the “Ladder-
Structure” which is resulted from the vortex shedding in the aerofoil wake, and
they suggested the primary tonal frequency varies as a function to U1.5 for a wide
range of flow speed.
Figure 1.9: A comparison of mean flowfield and instantaneous flowfield of a
separation bubble on an aerofoil, reproduced from Burgmann et al. [72]
Tam [75] argued that the “U1.5” variation of the primary tonal frequency is an
empirical curve and the ladder structure cannot be explained with wake vortex
shedding as it depends on the Strouhal number. He explained the ladder struc-
ture as a self-excited aerodynamic feedback loop, as shown in Figure 1.10. He
pointed out that this loop originates from the trailing edge (TE) of the aerofoil,
i.e., acoustic disturbances propagating downstream and growing in magnitude.
A adequate magnitude of the disturbances will lead to lateral oscillations in the
aerofoil wake, and thereby generating acoustic waves. The waves propagate to-
wards all directions and the boundary layer near the TE is excited to oscillate
when the propagating acoustic energy reached the TE area of the aerofoil.
Arbey and Bataille [76] agreed with Tam [75] regarding to the feedback mech-
anism. They found a same peak frequency in the farfield noise spectra and
1 Introduction 22
Figure 1.10: A self-excited aerodynamic feedback loop, proposed by Tam et
al. [75]
pressure fluctuation spectra near the TE at AoA = 0◦. Hence they suggested
that the acoustic waves were generated at the TE from the hydrodynamic fluc-
tuations (diffraction). The waves propagate upstream and pass the maximum
velocity point in the laminar boundary layer on the aerofoil surface. This max-
imum velocity point is the origination of the hydrodynamic instabilities due to
the sufficient adverse pressure gradient. At this point the instability disturbances
obtain an amplification if the hydrodynamic signal is in phase with the acoustic
waves. The amplified hydrodynamic fluctuations continue to propagate towards
the TE and complete this feedback loop.
Nash et al. [77] connected the tonal noise observed in the wind tunnel exper-
iments to the instabilities of the aerofoil boundary layer. They suggested that
the streamwise instability which appears in the unsteady shear layer, known as
Tollmien-Schlichting (T-S) wave, propagates downstream. The T-S waves are
slowly amplified and start to roll up to form a vortex. The vortex moves towards
the TE and interacts with the TE, generating a scattered oscillating field with the
same frequency of the T-S waves. Similar to the theory of Arbey and Bataille [76],
they proposed that the oscillating field propagates upstream and reaches a point
on the aerofoil surface where an acoustic instability is originated. But instead of
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the maximum velocity point in the laminar boundary layer proposed by Arbey
and Bataille [76], they referred the point to the position of approximately half the
chord length on the pressure side. They also suggested that one of the necessary
conditions for acoustic tones is the LSB that is adequately in proximity of the
TE.
Figure 1.11: A secondary aerodynamic feedback loop proposed by Desquesnes et
al. [78]
Desquesnes et al. [78] performed a two dimensional DNS to investigate tonal
noise mechanisms. They agreed with Nash et al. [77] that the T-S waves interact
with the TE and subsequently generate a source of dipole in the near wake.
However, they pointed out that there are more than one feedback loop, as shown
in Figure 1.11. The mechanism of the secondary feedback loop is similar to
that of the main feedback loop, except it is activated on the suction side of the
aerofoil. They also explained the reason for no observed tonal noise at sufficient
angles of attack. A turbulent boundary layer may occupy a portion or even
whole suction surface of the aerofoil as the attack angle increases. Similar to the
theory of Nash et al. [77] in laminar boundary layer, more energetic turbulent
boundary layer interacts with the TE and generates broadband noise due to the
nature of turbulence and the position of the interaction area of the hydrodynamic
fluctuations.
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It must be noted that the main attentions of the research works performed
on the tonal noise mechanisms are paid on symmetric aerofoils, especially
NACA0012. Little attention was paid to asymmetric aerofoils which also exhibits
tonal noise phenomenon as will be presented in this dissertation. Moreover, the
main feedback loop presented in Figure 1.11 relates to the LSB on the pressure
surface of a symmetric aerofoil, more specifically, NACA0012, but an asymmetric
aerofoil may not exhibit a LSB on the pressure surface at a low Reynolds num-
ber [34, 35]. It should also be noticed that the experimental studies reviewed
above may vary from each other depending on the testing conditions, e.g., the
differences of turbulence intensity in the testing sections [79], the manufacturing
precision of the testing aerofoil especially the surface finishing, etc.
1.4 Research on Surface Curvature Effects in
Turbomachinery Blade Design
Researchers realized that both the distributions of curvature and slope-of-
curvature affect the development of boundary layer and aerofoil performance,
e.g., applying B-spline to design low Reynolds number aerofoil to ensure a con-
tinuous distributions of curvature and slope-of-curvature [50, 80]. The idea came
originally from turbomachinery blade design, in which surface curvature distri-
bution is one of the key factors in the design of high-efficiency aerofoils and
blades [80, 81, 82]. In the 1950s, most turbine blade designers obtain the desired
aerofoil through specifying the curve of the blade pressure and suction surfaces
which is based on the specification of a thickness distribution on a camber line
of an aerofoil. Until the 1970s Dunham [83] proposed a parametric method to
specify the aerofoil profile. In his method line segments are used to connect
a variety of points along the aerofoil surfaces. In this way the aerofoil profile
generated from the connections of the line segments look smooth to the eye, how-
ever unexpected local flow accelerations and decelerations are detected in their
research. These unusual aerodynamic loads has later been studied by Korakiani-
tis [84] and Hamakhan et al. [85], and they suggest that these unexpected local
flow phenomenon are caused by the discontinuities in the surface curvature and
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slope-of-curvature distributions.
In 1973 Inger and Dutt [86] proposed an approximate analytical method based
on Stratford’s and Curie’s two-layered model of boundary layer to calculate in-
compressible flow behaviour in laminar boundary layer and to estimate the sepa-
ration positions on curved surfaces. Through this method they built connections
between skin friction force and location of separation point as a function of dif-
ferent geometric shapes, and firstly suggested that the surface curvature has a
significant impact on reducing the skin friction and the separation position on
curved surfaces.
When designing the nose part of the aerofoil, blending the leading edge (LE)
circle or ellipse with the rest of the aerofoil surface often cause local flow separa-
tion or a LE spike in Mach number distributions. In 1985 a local LE separation
bubble caused by the blend point between the leading edge circle and the aero-
foil main body was detected by Hodson [87]. He admitted that the detection of
this Mach number spike was difficult to observe due to the low resolution of the
measurements in the interested region and can only be detected if the probes are
located properly. Stow [88] numerically confirmed the existence of the LE spike
with an inviscid analysis plus boundary layer analysis, as shown in Figure. 1.12.
In his work Stow used an inverse design method, in which the desired blade sur-
face velocity is specified and the geometry that would meet such performance
is prescribed, to remove the slope-of-curvature discontinuities of the Hodson-
Dominy (HD) blade on which Hodson [87] detected the LE spike. Consequently
the LE spike and the corresponding separation region were removed by Stow [88]
through redesigning the aerofoil profile in the vicinity of the position with the
slope-of-curvature discontinuity, as shown in the circle marks in Figure. 1.12.
Korakianitis [84, 89, 90] found that the surface curvature and slope-of-curvature
distributions have impacts on the development of the boundary layer and hence
affect the aerodynamic performance of the turbomachinery aerofoil. He sug-
gested that the theoretical evidence for the importance of the curvature and
slope-of-curvature can be found in the equations of continuity and momentum in
cylindrical coordinates (r, θ, z). Consider an incompressible and isothermal New-
tonian flow (density ρ and viscosity µ are constant), and the velocity vector in
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Figure 1.12: Change in blade shape to remove LE spike (left) and Mach-number
distribution of the original and redesigned aerofoil profile (right). The figures are
reproduced from Stow’s work [88]
the flowfield is assumed as ~V = (ur, uθ). In two-dimensional geometries and solu-
tions, the flow dependence on radius of curvature can be shown in incompressible





























































































where p is the static pressure. In the above equations the 1/r and 1/r2 terms
show that local pressure and velocity distributions have strong dependence on
local curvature Curv = 1/r. Korakianitis suggested that the boundary layer
behavior depends on the velocity gradient distribution when approaching the
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aerofoil surface and the stress components (the third term on the right side of
Eq. 1.2 and 1.3) indicate that the boundary layer behavior are affected by the
local curvature radius. Hence smooth velocity and pressure distributions on the
aerofoil surface need smooth curvature distributions, i.e., continuous slopes-of-
curvature distributions, which requires continuous third order derivatives of the
surface function, as illustrated in Eq. 2.1 and Eq. 2.2 in Chapter 2.
Corral and Pastor [91] agreed with Korakianitis’ suggestions [84] and they in-
tend to find the minimum degree of the curvature continuity to ensure a smooth
pressure or velocity distribution. They proposed an heuristic idea to rewrite the
momentum equation for an inviscid flow in an intrinsic reference frame. Each
point in the reference frame was specified by the tangential and normal direc-
tion of the local streamline. They admitted that the uncontrolled curvature and
slope-of-curvature discontinuities along aerodynamic surfaces are not desirable
because they cause thicker boundary layer thickness on an operating turboma-
chinery blade and subsequently affect the separation and transition positions. It
is concluded that the aerodynamic profiles of turbomachinery blades require at
least continuous slope-of-curvature distributions which are consistant with Ko-
rakianitis’ suggestions [84].
Corral and Pastor [92] also suggested that the step of surface curvature design
for the blade should be the final stage of the aerodynamic design. In this design
step, the blade geometry are changed so little that the influence on the passage
area of the blade can be neglected, but the Mach-number or pressure distribu-
tions can change significantly due to different curvature and slope-of-curvature
distributions. They applied a parametric design method to remove the slope-of-
curvature discontinuities of the HD blade. With Computer-Aided Design (CAD)
methodology, they interactively defined the blade in the downstream direction
by applying several control points to generate two highly differentiable Bezier
curves with continuous slope-of-curvature distributions along the blade surface
and numerically removed the LE separation bubble.
Benner et al. [93] realized that it is important to take the LE wedge angle
into consideration when dealing with the LE losses at off-design conditions in
turbomachinery blade design. This is because the the LE wedge angle directly
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affect the local curvature distributions at the nose part. They found that at all
off-design conditions the surface curvature discontinuities near the LE region due
to an inappropriate LE wedge angle significantly affect the blade performance.
Because the curvature discontinuities of the aerofoil pressure side have a greater
impact on the blade performance compared to those of the suction side when the
incidence is negative, and when the incidence is positive, the same conclusion is
true for the suction side of the blade. They hence [93] made a conclusion that a
designer must maximize the LE wedge angle to decrease the blade performance
penalty due to the surface curvature discontinuity resulted from the blending
point between the LE circle and the main part of the blade.
Based on the previous research on surface curvature effects [84, 89, 90, 94], re-
cently Koriakinitis et al. [80, 95] proposed a blade design method named the CIR-
CLE method which can maintain a continuous curvature and slope-of-curvature
along the blade surfaces. The aerofoil shape was designed with a guidance of
the relationship between the surface pressure or Mach-number distributions and
the surface curvature distributions, as will be described in Chapter 2. They
investigated the effects of the slope-of-curvature discontinuities of subsonic, tran-
sonic and supersonic blades for axial compressors and turbines by redesigning
the Kiock [96], HD [97] and Steinert [98] blade using the CIRCLE method. The
Computational Fluid Dynamics (CFD) method is used to qualitatively present
that the slope-of-curvature discontinuities affect the Mach-number distribution
through the impacts on the boundary layer behaviour, e.g. the distribution of
the boundary layer displacement thickness. They suggested that the slope-of-
curvature discontinuities affects blade performance in a same way with the cur-
vature discontinuities but the impacts are less obvious. They also find that the
slope-of-curvature discontinuities do not only exists in the blending point between
LE circle and the main body, and they can also be detected in the main body
of same blades. By fixing these slope-of-curvature discontinuities detected in the
main body of the blades, they reported that the aerodynamic and heat transfer
performance of turbine cascades is significantly improved.
Song et al. [99] agreed that a smooth curvature distribution can improve blade
performance but argued that the effects of the slope-of-curvature discontinuities
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in the main body of the blades still require further investigations. They pointed
out that designers intend to remove the curvature and slope-of-curvature discon-
tinuities of the whole blade surface simultaneously, regardless they are from the
main body or from the blending point between the LE circle and the main body.
Hence it is arbitrary to determine the impacting source or at least their contribu-
tions. They also suggested that the optimisation of the curvature distributions
will change the geometry eventually and it is worth to investigate that the im-
provements of the blade performance are from the geometric variations or the
continuity of the surface curvature and slope-of-curvature. Without considering
the compressibility and turbulent effects, Song et al. [100] analysed the boundary
layer equations for the regions of the LE part and main body part, and found
that the effects of curvature continuity has more significant effects on the blade
performance (especially the blade loss) in the LE region than in the main body
part of the blade. Based on these boundary layer equations, they also inves-
tigated the generation mechanism of the LE spike caused by surface curvature
discontinuities. They reported that the LE spike of the pressure or Mach-number
distributions can be induced by the surface curvature discontinuity of the blend
point and the nose curvature of the blade. The factor of the surface curvature
discontinuity dominates the LE spike when the incidences are near zero. And
the large curvature at the nose point has more significant impact to the LE spike
when the incidences are high. Their suggestions are consistent with the work of
Benner et al. [93] as they also suggested to control the maximum nose curvature
to maximise the LE wedge angle in the design process, in order to minimise the
harmful effects of the surface curvature discontinuity.
Since it was found that continuous curvature and slope-of-curvature distribu-
tions are necessary to improve turbomachinery blade performance, researchers
have applied this way to various turbomachinery design recently. Massardo et
al. [101, 102, 103] used streamline curvature distribution calculations to deter-
mine the 3D variation of inlet and outlet flow angles for axial-flow compressor
design and improved the compressor efficiency. Sommer and Bestle [82] proposed
a curvature-driven design approach for high-pressure compressor blades. They
described the curvature distribution by a B-spline curve to ensure both the cur-
vature and slope-of-curvature distributions continuous, and subsequently use this
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B-spline curvature distribution to represent the suction surface of the blade sec-
tion. They also used a B-spline curve to model the thickness curve which was
added perpendicularly to the camber curve to determine the pressure surface
of the blade. In this way the newly designed compressor blade has continuous
curvature and slope-of-curvature distributions.
Fathi and Shadaram [104] proposed a genetic algorithm based design method
for the axial compressor blade. Similar to the study of Sommer and Bestle [82],
they defined a B-spline curve to represent the curvature distributions of the suc-
tion and pressure sides of the blade to obtain a LE shape with continuous cur-
vature and slope-of-curvature distributions. They claimed that in their design
method continuous curvature and slope-of-curvature distributions can reduce the
coefficient of the pressure loss by 22.5% at design conditions and 23.6% at off-
design conditions. Siddappaji et al. [105] developed a parametric 3D blade design
tool for turbomachinery, and they used the definition of splines to modify the
blade shapes and obtain the desired blade model. In their research the curvature
as well as the slope-of-curvature distributions of the blade surface are both con-
tinuous due to the application of the splines. This design tool was later improved
by Nemnem et al. [106] by the addition of a 2D curvature-defined mean-line
blade aerofoil geometry generator. They created a 5th order mean-line by twice
integrating the cubic B-spline which ensures curvature and slope-of-curvature
distributions are continuous, and improved the performance of newly designed
blades.
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1.5 Motivation for this Work
Although the effects of surface curvature discontinuities are widely researched
in turbomachinery blade and aerofoil design, more research attention is required
on external aerodynamics applications including the aerofoils for use in small
wind turbines. Because consideration of curvature distribution is a relatively new
topic in external aerofoil design, especially consideration of its potential effects
on the behaviour of the surface boundary layer, leading to potential improved
aerodynamic and acoustic performance. These potential improvements on the
aerofoil performance can result in the increase of the power generation efficiency
of small wind turbines and reduction of the noise levels.
Unlike the existence of surface roughness or fouling with which wings and
blades must operate, the discontinuities in the distribution of surface curvature
and slope-of-curvature are invisible to the observer, and the aerofoil surfaces ap-
pear to be smooth. However, the aerofoils with these discontinuities often produce
unusual loads and higher losses [85]. Very limited research work has been per-
formed to the investigate surface curvature effects on external aerofoils. In 2012
Korakianitis et al. [107] applied the CIRCLE method to two wind turbine aerofoils
which was the first time to apply the concept of removing discontinuities from
curvature and slope-of-curvature distributions to the aerofoil design for the exter-
nal device. They reported that the external aerofoils can have better aerodynamic
performance by removing the inherent curvature and slope-of-curvature discon-
tinuities in their testing cases. In their numerical work, the redesigned aerofoils
with continuous curvature and slope-of-curvature distributions are found to have
higher lift coefficients and lower drag coefficients at a certain Reynolds number.
However, no relevant experimental work has been done to validate the numerical
work although the possibility of applying this concept to external aerofoils was
investigated. Hence more experimental and numerical researches are required to
validate that the effects of curvature and slope-of-curvature discontinuities exist
on the external aerofoils, and to investigate the mechanism for the improvement
of the external aerofoil due to the removal of curvature and slope-of-curvature
discontinuities, as the relevant research has not been investigated and published
before to the best of the author’s knowledge.
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1.6 Statement of Novelty
The novelty in this work originates from research into the effects of surface curva-
ture and slope-of-curvature discontinuities on the aerodynamic performance of the
aerofoils for use in small wind turbines. Although studies examining surface cur-
vature effects exist in the turbomachinery literature, relevant experimental and
numerical investigations on surface curvature effects on external aerofoil aerody-
namics performance are described for the first time in this thesis. The specific
novelty claims in this work are given here.
• The in-house design code CIRCLE was applied to small wind turbine aero-
foils to remove surface curvature and slope-of-curvature discontinuities.
• Subsonic wind tunnel tests were conducted to test the differences in aerody-
namic performance between small wind turbine aerofoils with and without
slope-of-curvature discontinuities.
• By replacing the original aerofoil with the redesigned aerofoil, a 3 kW
small HAWT and a 5 kW small VAWT were each used to estimate the
improvement in output energy resulting from the removal of the curvature
and slope-of-curvature discontinuities on the blades.
• Acoustic experimental measurements were made in an anechoic wind tun-
nel to investigate the effects of surface slope-of-curvature on the acoustic
performance of aerofoils used in small wind turbines.
• An inviscid-viscid interaction scheme was proposed to predict the positions
of laminar separation bubbles on aerofoils.
• The effects of surface curvature and slope-of-curvature on small wind tur-
bine aerofoil performance were investigated across a range of Reynolds num-
bers and angles of attack, taking into account aerofoil boundary layer be-
haviour.
• Large Eddy Simulation was used to investigate surface curvature effects on
aerodynamic and aeroacoustic performance of small wind turbine aerofoils.
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1.7 Outline of this Thesis
A brief outline of the thesis is presented below.
Chapter 2 summaries an in-house blade and aerofoil design code: the CIRCLE
method which is subsequently used to redesign a symmetric aerofoil NACA0012
and an asymmetric aerofoil E387 by removing their surface curvature and slope-
of-curvature discontinuities from the leading edge to the trailing edge. NACA
0012, commonly used in small VAWTs, is used as an example of an aerofoil with
a surface curvature discontinuity, and E387, commonly used in small HAWTs,
is used as an example of an aerofoil with slope-of-curvature discontinuities. The
new designed aerofoils are denoted as QM13F and A7 respectively and they both
have continuous curvature and slope-of-curvature distributions and have nearly
identical geometry compared to the original aerofoils.
Chapter 3 presents an analytical inviscid-viscid interaction scheme TATO for
the analysis of the boundary layer through the calculation of LSB positions and
flow transition on an aerofoil. The inviscid solution is achieved by classical thin
aerofoil theory calculations, providing flow field information including the ex-
ternal velocity of the aerofoil. The viscous boundary layer calculations are car-
ried out to determine boundary layer displacement effects, providing separation,
transition and re-attachment states. This scheme is applied to both original and
redesigned aerofoils to investigate the surface curvature effects on the boundary
layer behaviour because the size of laminar separation bubble dominates aerofoil
performance at low Reynolds numbers.
Chapter 4 focuses on the effects of surface curvature discontinuity on the aero-
dynamic performance of the aerofoil NACA0012. Reynolds Averaged Navier-
Stokes (RANS) computations are used to obtain the aerodynamic characteristics
of both the redesigned aerofoil and the original aerofoil, and the aerofoil aero-
dynamic improvements due to the removal of the curvature discontinuity are
discussed. Subsequently a 5 kW vertical axis wind turbine is selected to demon-
strate the improvement in output energy resulting from replacing its aerofoil
NACA0012 with QM13F while all other parameters of the wind turbine are un-
changed. Unsteady RANS computation is used to investigate the aerodynamic
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improvements of the VAWT due to the removal of the leading edge curvature
discontinuity, followed by the discussion on the improvements of the resulting
energy output.
Chapter 5 presents an wind tunnel experimental investigation on on the ef-
fects of slope-of-curvature on aerodynamic performance of the aerofoil E387.
Low speed wind tunnel experiments were conducted on high-precision manufac-
tured original and redesigned aerofoils at chord based Reynolds numbers 100,000,
200,000 and 300,000. Lift and pitching-moment data were obtained from aerofoil
surface pressure measurements, and drag data were obtained from wake surveys.
The experimental results of E387 are compared with the benchmark experimen-
tal results. The experimental results of the two aerofoils are compared in order
to analyse the differences in aerodynamic performance caused by the presence
of slope-of-curvature discontinuities. The mechanism behind the observed im-
provements are examined with both experimental and numerical investigations.
The experimental results are subsequently used to compute the performance of a
genuine 3 kW small horizontal axis wind turbine and over a wind energy density
modelled by a typical Weibull distribution to estimate the resulting improvements
in power generation.
Chapter 6 presents a comprehensive experimental and numerical study to in-
vestigate the effects of slope-of-curvature discontinuities on the tonal noise and
unsteady aerodynamic performance of the aerofoil E387. The anechoic wind
tunnel experiments were performed on high-precision manufactured original and
redesigned aerofoils in Beijing University of Aeronautics and Astronautics, and
the observed acoustic noise differences due to the slope-of-curvature discontinu-
ities are discussed. The tonal noise differences are also investigated with Large
Eddy Simulations (LES), using the capability of the in-house code CgLes for pre-
dicting aerofoil unsteady performance. The computational power spectra within
the boundary layer of each aerofoil are used to investigate the unsteady vortex
shedding performance, which is believed to result in the tonal noise difference
between two aerofoils.
Chapter 2
Redesign of Aerofoils with the CIRCLE Method
2.1 Motivation
As the basic element of wings or blades, aerofoils are geometric profiles that are
designed to generate lift force due to a relative motion in a fluid. Their aerody-
namic performance directly determines the overall performance and efficiency of a
system. The air flows along the curved surfaces of the aerofoil when the boundary
layer stays attached to the aerofoil. However, the flow on blade sections separates
when there is a sufficiently large magnitude of adverse pressure gradient at low
Reynolds numbers. The separated flow experiences transition to turbulence and
can result in a stall (without turbulent re-attachment) or a laminar separation
bubble (with turbulent re-attachment). Either way, the overall aerodynamic per-
formance of the blades is reduced. The adverse pressure gradient is affected by
local pressure variations due to local geometric changes including local surface
curvature variations. As shown in many fluid dynamics texts [108], the continuity
and momentum equations in cylindrical coordinates show that local pressure and
velocity of flow on an aerofoil surface has a strong dependence on local radius of
curvature when assuming there is minimal variation in the density [84]. Smooth
surface pressure and velocity distributions require smooth curvature distributions,
which have direct influence on boundary layer performance, therefore unneces-
sary local changes of surface curvature including discontinuities of curvature and
slope-of-curvature should be eliminated to improve performance.
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This chapter summarises a blade and aerofoil design method: the CIRCLE
method [94, 84, 95, 40]. The method is used to redesign aerofoils by removing
their surface curvature and slope-of-curvature discontinuities from the leading
edge (LE) to the trailing edge (TE). A symmetric aerofoil NACA0012 and an
asymmetric aerofoil E387 are judiciously selected for the investigation due to the
existence of discontinuities of curvature and slope-of-curvature in their profiles,
their widespread use in small wind turbines [44, 109, 110] and the availability
of detailed experimental measurements of aerofoil performance [34, 111]. NACA
0012 is used as an example of an aerofoil with a surface curvature discontinuity
and E387 is used as an example of an aerofoil with slope-of-curvature discontinu-
ities. The design procedures for the suction side of the aerofoil are demonstrated
in the following sections, and the design procedures for the pressure side is the
same as the procedures below [40].
2.2 Methodology
The curvature Curv and slope-of-curvature Curv′ of a two dimensional geometry












y′′′(1 + y′2) − 3y′y′′2
(1 + y′2)(5/2)
(2.2)
The sign of the curvature is usually defined as the direction of the unit tangent
vector moving along the curve. We define curvature as positive if the vector
rotates clockwise from the LE (the suction side), otherwise it is negative (the
pressure side). The sign difference can help to present the curvature distribution
in a figure more clearly.
As described in the equation, the sign of the curvature is always the same as
the sign of the second derivative of aerofoil surface function y′′. Local curvature is
determined by the radius of local curvature, which is directly related to the second
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order derivative of local surface equation y′′. The importance of y′′ for aerody-
namic performance will be demonstrated in the thin aerofoil theory of Chapter 3
where the second order extension of thin aerofoil theory [113] is presented to show
that the surface pressure and velocity distributions are strongly dependent on the
second order derivative of the aerofoil surface function y. Thus smooth velocity
and pressure distributions along the aerofoil surface require smooth second order
derivative of the aerofoil surface function, and hence smooth surface curvature
distributions (i.e. continuous slope-of-curvature distributions) along the surface.
A continuous slope-of-curvature requires a continuous third order derivative of
the surface function.
One must distinguish between “smooth surface” and “smooth curvature dis-
tribution” as these terms are often confused in the literature. When we say an
aerofoil has a “smooth surface”, physically it is related to surface smoothness
which is visible to the naked eyes and beyond the scope of this study. Mathemat-
ically, “smooth surface” means that the first order derivative of surface function
y′ is continuous, not the second or third order. However, “smooth curvature dis-
tribution”, means that it has a continuous slope-of-curvature distribution, which
requires that the third order derivative of the surface function is continuous. In
this dissertation we deal with the latter concept and we address “smooth curva-
ture distribution” as “continuous slope-of-curvature distribution” in order to be
consistent.
Surface curvature discontinuity often exists at particular areas on aerofoils
such as the LE, as observed in NACA 4-digit aerofoils, or the TE, as obeserved
in blunt TE aerofoils. Many blades and aerofoils present slope-of-curvature dis-
continuities, at the point where the LE circle or other shape joins the main part
of the aerofoil. An aerofoil with or without discontinuity of slope-of-curvature
entirely depends on the aerofoil design methods. The slope-of-curvature discon-
tinuity effects present small local “kinks” in surface pressure or isentropic Mach
number distributions in some of the computational and experimental data pub-
lished in [97, 114, 80]. Unlike the existence of surface roughness or fouling with
which wings and blades must operate, the discontinuities in the distribution of
surface curvature and slope-of-curvature are invisible to the observer in the aero-
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foil shapes and the aerofoil surfaces appear to be smooth. However, the aerofoils
with these discontinuities often produce unusual loads, higher losses and thicker
wakes [85].
Circular geometry is used for LE and TE design to illustrate the design process,
yet in principle any proper geometry, such as an ellipse, with a smooth curvature
distribution can be used to design. The CIRCLE method starts from the TE circle
and designs the aerofoil shape in three line segments sequentially: y3 near the TE
(treated as a small circle in this section), y2 in the middle part of the surface, y1
near the LE (also treated as a small circle in this section), and the LE circle, as
shown in Figure 2.1(a). By specification the method ensures that aerofoil surface
curvature and slope-of-curvature is continuous from the LE stagnation point to
the TE stagnation point. This section describes the approaches for the design of
the trailing edge, main body and leading edge.
2.2.1 Trailing Edge Design
The most difficult and complicated part of trailing edge design is joining the TE
circle to the aerofoil surfaces as there is a transition from the constant curvature of
the circle region to the locally varying curvature of the remaining aerofoil surface.
The TE circle is located by the TE origin and its radius. On the suction side, the
aerofoil surface connects to the TE circle at point Ps2, as shown in Figure 2.1(b).
The position of point Ps2 is specified by the input parameter TE origin and its
local aerofoil surface angle βs2. The line segment y3 extends from point Ps2 to Psm
as in Figure 2.1(a) and (b), and is specified by an analytic polynomial y = f(x)
of the exponential form:
y3 = f(x) = c0 + c1x + c2x
2 + c3x
3 + c4x
4 · e{k1[x−x(Ps2)]} + c5x5 · e{k2[x−x(Ps2)]}(2.3)
where k1 and k2 are empirical parameters depending on the aerofoils and are
defined heuristically. They are large-value exponential coefficients which have
increasing importance when approaching point Ps2, and are of negligible impor-
tance away from Ps2. Thus Eq. 2.3 essentially becomes a cubic equation with
large values for k1 and k2, and a fifth order polynomial as it approaches the TE
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(a) Main blade geometry (adapted from [107])
(b) Trailing edge design
(c) Leading edge design
(d) Suction side surface prescribed curvature distribution
Figure 2.1: The CIRCLE method for an aerofoil design
circle where x = x(Ps2).
The six coefficients c0 to c5 are evaluated from six conditional equations, which
are the conditions of the point continuity, the first, second and third order deriva-
tive continuity (four conditions) of the aerofoil surface line at Ps2, and prescribing
the point and its first order derivative continuity at Psm (two additional condi-
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tions). As the TE circle is usually small, the variation in the streamwise curvature
from the TE circle to the line segment y3 is usually large. The CIRCLE method
enforces curvature and slope-of-curvature continuity through these locally-large
streamwise changes of curvature [90]. Hence cubic polynomial Eq. 2.3 has con-
tinuous derivatives of first, second and third order. The resulting aerofoil surface
coordinates between TE circle and point Psm, as well as their corresponding cur-
vature distributions, can be determined and ploted in this way.
The circular (or elliptical) form of the trailing edge is necessary. It guarantees
the slope-of-curvature continuity near the TE which provides smooth surface
curvature distribution and therefore smooth pressure and velocity distribution,
and also avoids a TE mathematical singularity (sharp TE) causing a bursting
increase of the skin friction at the TE region which will be described in Chapter 2.
Moreover, it is easier to manufacture as compared to aerofoils with a sharp TE
as in reality it is impossible to produce a zero thickness TE.
2.2.2 Main Body Design
Bezier splines are used to design the line segment y2 between points Psm and
Psk. y2 is constructed by mapping the curvature distribution from the original
aerofoil geometry. The curvature segment from Ps2 to Psm is evaluated from
the analytic polynomial y3 (Eq. 2.3) starting from the TE and ending at point
C6s in Figure 2.1(d). The gradient of the curvature at point C6s is computed
from Eq. 2.3 and becomes an input parameter to further calculations. Points
C1s to C5s are user specified parameters. Point C1s is specified at an x location
corresponding to the point Psk. The tangency condition at point C6s ensures
slope-of-curvature continuity from Psm to Psk because the gradient of the Bezier
curve is tangent to the line of both ends of the curve.
Starting from point Psm, the design progresses explicitly point-by-point towards
the LE to points Psk and we obtain each yi+1 by using central differences equation
for curvature at aerofoil point i as a function of (x, y) coordinates of points i−1, i
and i + 1. In this way the curvature of the main body segment can be solved
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Using the above equations, yi+1 can be obtained through a numerical solution
with given xi−1, xi, xi+1, yi−1 and yi. The solving process begins from the point
Psm and explicitly computes towards the point Psk. The Bezier spline is iteratively
manipulated until the gradient and the y location of the aerofoil surface are
achieved at the point Psk [40]. The resulting slope-of-curvature distributions are
continuous and the surface curvature distributions are hence smooth.
2.2.3 Leading Edge Design
The CIRCLE method uses a hybrid method to design the LE region. The suction
side surface connects the LE circle at point Ps1, which is specified by an input
parameter LE local surface angle βs1. Here a parabolic construction line is defined
and a thickness distribution is added perpendicularly to the construction line, as
in Figure 2.1(c) . The construction line starts from the LE of the aerofoil, or
the center of the LE circle. A thickness distribution is added orthogonally to
this parabolic construction line so that the thickness distribution has continuous
point, first, second and third derivative (continuous y, y′, y′′, y′′′ and therefore
continuous Curv′) at both points Ps1 and Psk , as discussed below. Point Ps1 is the
point connecting the LE thickness distribution to the LE shape. Point Psk is the
point connecting resultant line y1 (from the thickness distribution) to the main
part of the aerofoil y2, corresponding to curvature point C1s, as in Figure 2.1(d).
The suction side construction line can be of the form: y(x) = Ax2 +Bx+C , and
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the thickness distribution yt can be expressed as:
yt =c0 + c1x + c2x
2 + c3x
3 + c4x
4 · e{k11[x−x(Ps1)]} + c5x5 · e{k12[x−x(Psk)]}
+ c6x
6 · e{k13[x−x(Ps1)]} + c7x7 · e{k14[x−x(Psk)]}.
(2.6)
Similar to k1 and k2 as explained in the subsection of trailing edge design,
coefficients k11, k12, k13 and k14 are defined heuristically. They have to be large
enough to ensure increasing importance when approaching to the points Ps1 and
Psk in line segment y1 and essentially the above equation becomes cubic poly-
nomial further away from the end points Ps1 and Psk. Here Point Psk is the
connecting point between the main body of curvature-mapped aerofoil and line
segment y1, and point Ps1 connects y1 with the LE circle. The eight parameters
of the thickness function c0 to c7 need eight equations and they are derived from
the conditions to match: y, y′, y′′ and y′′′ at point Ps1 and at point Psk respec-
tively. This approach ensures continuity of curvature and slope-of-curvature from
the TE circle to the main part of the aerofoil surface through the leading-edge
thickness distribution and finally into the LE circle.
2.3 Redesign of a Symmetrical Aerofoil NACA0012
As one of the most common aerofoils, NACA0012 is widely studied both numeri-
cally and experimentally. It is a popular aerofoil used in small vertical axis wind
turbines (VAWT). The thickness distribution equation of NACA0012 is [115]:
y/c = ± 0.6 · [0.2926
√
x/c − 0.126x/c − 0.3516(x/c)2
+ 0.2843(x/c)3 − 0.1015(x/c)4]
(2.7)
The second order derivative of Eq. 2.7 is infinite at the LE point, the surface
curvature at this point is a singularity by the definition in Eq. 2.1. It is appro-
priate to fix this discontinuity using the CIRCLE method. It must be noted that
there is no slope-of-curvature discontinuity in the NACA0012 profile due to the
specification of the profile equation, and it is interesting to investigate the im-
provement in aerodynamic performance achieved by fixing only one discontinuous
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point on the aerofoil and keeping a nearly identical profile simultaneously. This
case is designed to illustrate the effects of curvature discontinuity on aerodynamic
performance. The redesigned aerofoil is denoted as “QM13F”.
(a)
(b)
Figure 2.2: The comparison between NACA0012 and QM13F of (a) aerofoil pro-
files (b) curvature distributions, the vertical axis in (a) is magnified to show the
profile differences and the small figure in (b) is a magnified figure of the curvature
distribution of LE
Table 2.1: Key design parameters for designing QM13F in the CIRCLE method
TE radius βs2 [
◦] xPsm yPsm βsm [
◦] βs1 [
◦] LE radius xLE yLE
0.00145 79.500 0.500 0.0529 -3.750 38.000 0.020 0.000 0.000
Max thickness xC1s yC1s xC2s yC2s yC3s yC4s xC5s c
12.06% 0.050 -3.950 0.100 -0.120 -1.110 -0.500 0.400 1.000
Figure 2.2 shows the design resulting from application of the CIRCLE
method. The newly designed aerofoil profile deviates minimally from the orig-
inal NACA0012, and some key parameters are shown in Table 2.2. QM13F is
also a symmetrical aerofoil and has almost the same thickness distribution as the
original aerofoil. The curvature distributions of the two aerofoils are shown in
Figure 2.2(b). Since the CIRCLE method has been applied, the newly designed
aerofoil QM13F has a continuous surface and gradient-of-surface distribution from
TE to LE without the singularity at the LE point.
2 Redesign of Aerofoils with the CIRCLE Method 44
2.4 Redesign of an Asymmetrical Aerofoil E387
The aerofoil E387 was developed by Eppler [31] as a typical low Reynolds number
aerofoil. It was originally used in model sailplanes and still widely applied in small
horizontal axis wind turbines (HAWTs), unmanned aerial vehicles (UAVs) and
micro air vehicles (MAVs). It is probably the most popular low Reynolds number
aerofoil in wind tunnel testing and has been used in experiments conducted by
NASA LTPT, Delft, Stuttgart, UIUC and many other institutes [32, 33, 34, 44].
Like many other aerofoils, the original geometry of aerofoil E387 exhibits several
slope-of-curvature discontinuities in the surface. At each side of the aerofoil, a
prominent discontinuity can be observed at approximately x/c = 0.02 where the
LE circle joins the blade surfaces, as presented in Figure 2.3 (b). Optimized by
the CIRCLE method, a new redesigned aerofoil A7 is presented and compared
with original aerofoil E387 in Figure 2.3.
(a)
(b)
Figure 2.3: The comparison of (a) curvature distributions and (b) airfoil geome-
tries of the original aerofoil E387 and redesigned airfoils A7. The subfigure in
figure (a) is the magnification of the curvature distribution at the leading edge
area
Figure 2.3(a) shows a comparison between two aerofoil geometries. At a first
glance, A7 has a circular TE and E387 has a sharp TE, while they share a same
size LE circle. A7 is slightly thicker than E387 from LE to TE, and A7 has mildly
greater camber from LE to approximately 0.65 chord length and smaller camber
for the rest of the chord length than E387. The geometric differences are caused
by different slope-of-curvature distributions. As shown in the in Figure 2.3(b),
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E387 has a disorderly jagged curvature distribution on both suction and pressure
sides but mainly on the suction surface, and the fluctuation errors are within
10% of the local curvature values for most slope-of-curvature discontinuities on
the main body. An obvious ’kink’ (slope-of-curvature discontinuity) on each side
of the aerofoil E387 is observed from a magnified figure and resulted in a 35%
offset of the local curvature value. These two obvious ’kinks’ occur exactly at the
connection position between the LE circle and the main body of the aerofoil, and
they are typical of slope-of-curvature discontinuities on aerofoil surfaces. These
rough curvature distributions have been removed in the redesigned aerofoil A7
which has a nearly identical profile with the original aerofoil E387.
Table 2.2: Key design parameters for designing A7 in the CIRCLE method
TE radius βs2 [
◦] xPsm yPsm βsm [
◦] βs1 [
◦] LE radius xLE yLE
0.00105 77.650 0.500 0.051 0.077 21.000 0.008 0.000 0.000
Max thickness xC1s yC1s xC2s yC2s yC3s yC4s xC5s c
9.33% 0.050 -3.210 0.125 -0.810 -0.745 -1.021 0.366 1.000
2.5 Summary
Discontinuities of curvature and slope-of-curvature distributions exist in low
Reynolds number aerofoils used in small wind turbines, UAV and similar ap-
plications. They directly affect boundary layer performance on the aerofoils and
hence have effects on the performance of the full system. The CIRCLE method
is summarised in this chapter, and is applied to aerofoil NACA0012, used in
small VAWTs, and aerofoil E387, used in small HAWTs, to remove the curvature
and slope-of-curvature discontinuities. The new designed aerofoils are denoted
as QM13F and A7 respectively. They both have continuous curvature and slope-
of-curvature distributions and have nearly identical geometry compared to the
original aerofoils. It is expected that the removal of discontinuities of curvature
and slope-of-curvature from the original aerofoils will have an impact on bound-
ary layer behaviour, resulting in improvements in aerodynamic performance. The
analytical studies, numerical simulations and experimental investigations of the
impacts of these discontinuities of curvature and slope-of-curvature on the aero-
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dynamic and aeroacoustic performance of the aerofoils, as will be presented in
the following chapters.
Chapter 3
An Inviscid-Viscid Interaction Analytical Scheme: TATO
3.1 Motivation
On low Reynolds number aerofoils, laminar separation bubbles (LSBs) actually
thicken the boundary layers and make a contribution to aerofoil profile drag. This
chapter presents an analytical inviscid-viscid interaction scheme for the analysis of
the boundary layer through the calculation of LSB positions and flow transition.
The inviscid solution is achieved by thin aerofoil theory calculations, providing
flow field information including the external velocity of the aerofoil. Bound-
ary layer calculations are carried out to determine boundary layer displacement
effects, supplying separation, transition and re-attachment states. In this disser-
tation the code that implements this analytical numerical scheme is called Thin
Aerofoil Theory cOde(TATO), which was self-coded using Fortran90.
The aim of this chapter is to use the TATO scheme to investigate the effects
of surface curvature on the sizes of LSBs on aerofoils as LSBs dominate the
aerofoil performance at low Reynolds numbers. Computational fluid dynamics
(CFD) is also used as a comparison and a supplement to the analytical scheme
TATO. These numerical methods are applied to find out the effects on LSBs
and aerofoil performance resulting from the removal of surface curvature and
slope-of-curvature discontinuities.
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3.2 Thin Aerofoil Theory
3.2.1 Geometry of Aerofoil Profiles
In thin aerofoil theory the flow around an aerofoil is idealized as two-dimensional
flow around a thin aerofoil. It is usually imagined as an aerofoil of ’zero’ thickness
and infinite wingspan. M. Munk devised it and H. Glauert et al. further refined
it in the 1920s [115].
Consider a typical aerofoil profile as shown in Figure 3.1. It is assumed that
the profile has a chord line AB where A is the leading edge (LE) point and B is
the trailing edge (TE) point. The mid-point O of AB is taken as the origin and
the x-axis is defined along the chord line. A locus of points around the origin
with radius OA = OB defines the circle AOB. Lines l1 and l2 are tangential to
the circle at point A and point B respectively. The profile is entirely between the
lines l1 and l2.
Figure 3.1: Geometry of aerofoil profiles in thin aerofoil theory
Line PP which is normal to x-axis meets the upper curve of the profile at
point Pu and the lower curve at point Pl. The eccentric angles of Pu and Pl are
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respectively POB = θ and P ′OB = −θ. Thus as θ increases from 0 to π, the
point Pu traces the upper surface of the aerofoil and the point Pl traces the lower
surface.




c · cosθ, y = c · f(θ) (3.1)
where parameter θ is between 0 and π. Upper and lower lines of the profile, yu
and yl, are given as:
yu = c · f(θ), yl = c · f(−θ) (3.2)




(yu + yl) =
1
2
c · [f(θ) + f(−θ)] (3.3)
Since yC(θ) = yC(θ), the camber line function Eq. 3.3 is an even function, as




(yu − yl) =
1
2
c · [f(θ) − f(−θ)] (3.4)
Here the thickness function is an odd function of θ. From Eq. 3.3 and 3.4, we
obtain the relationship between yu, yl and yC, yT :
yu = yC + yT , yl = yC − yT (3.5)
3.2.2 External Flow Velocity Prediction
Consider an aerofoil in a uniform incompressible flow. In the thin aerofoil theory,
the angle between the chord line and the oncoming flow is defined as the angle
of attack (AoA) α, as shown in Figure 3.2. In the figure U is the uniform flow
speed and q is the local external flow speed on the aerofoil surface.
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Figure 3.2: Schematic figure of an aerofoil at a moderate angle of attack in a
uniform flow









where ± sign stands for upper and lower surface and U is the free stream veloc-










x− ξ , (3.7)
and the horizontal velocity perturbations uC1 is associated with the camber and















x − ξ ) , (3.8)
where α represents angle of attack, A and B are the leading and trailing edge
points respectively, yT is the thickness function and yC is the camber function.
The first order approximation of thin aerofoil theory yields a singularity in the
velocity at the leading edge. Lighthill [117] rendered a simple model to convert










where RLE is the radius of the leading edge.
In the second order solution, equivalent approximations of camber and thick-
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The second order approximations of horizontal velocity perturbations correspond-




























Correspondingly the second order approximation of the surface velocity q2 is:










+ (yC ± yT )(y′′C ± y′′T ) +
1
2
(y′C ± y′T )2 (3.14)
As demonstrated in the previous Chapter 2, local curvature is determined
by the radius of local curvature, which is directly related to the second order
derivative of local surface equation y′′. The importance of y′′ for aerodynamic
performance can also be found in the above equations. The second order ap-
proximation of local surface speed in thin aerofoil theory shows that the surface
velocity distributions, which are essential to calculate the surface pressure, are
strongly dependent on the second order derivative of the aerofoil surface function.
Thus smooth velocity and pressure distributions along the aerofoil surface require
smooth second order derivative of the aerofoil surface function, and hence smooth
surface curvature distributions (i.e. continuous slope-of-curvature distributions).
The second order solutions of surface speed in thin aerofoil theory also re-
sult in a singular point at the leading edge. Similar to the first order solution,
Lighthill [117] proposed a rule to use first order solution near the LE part as
an approximation. Based on Lighthill’s rules, Van Dyke proposed a corrected
rule [113] to refine the original solution near the leading edge. Van Dyke’s cor-



















where λ denotes the initial camber line angle.
3.2.3 Testing Cases of Inviscid External Flow Velocity
Prediction
The previous subsection introduced the inviscid part of the TATO scheme, which
is the inviscid flow velocity prediction for an aerofoil. In this subsection two
testing cases are presented to validate the inviscid code.
Figure 3.3: Invicid TATO prediction of external flow velocity on NACA 0012 at
AoA = 0. The ’Exact’ solution data are from [118]
Figure 3.3 shows the external flow velocity distribution on the aerofoil NACA
0012 at zero angle of attack, calculated using the inviscid thin aerofoil theory. The
formal first order solution gave the worst predictions. It did not capture the veloc-
ity distribution near the leading edge and overestimated the velocity magnitudes
when x/c < 0.15. The first order solutions with Lighthill’s correction predict
more accurately the velocity trend of the external flow, but underestimates the
velocity magnitudes along the chord-wise direction. Generally the second order
approximations are more accurate than the first order due to the consideration
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of the second order of horizontal velocity perturbations, and Van Dyke’s rule, as
outlined in Eq. 3.9 and Eq. 3.15, gives more accurate solutions than the formal
second order solutions due to the consideration of the leading edge radius. In
this testing case, the second order solution with Van Dyke’s rule provides the
most accurate predictions compared to the exact solution from [118]. The second
order solution with Van Dyke’s [113] correction is hence selected to predict the
external speed on the surface of aerofoil E387 and A7, as presented in Figure 3.4
in which the experimental data is calculated from McGhee’s report [34].
Figure 3.4: Invicid TATO prediction of external flow velocity on E387 at AoA = 0
and Re = 105. The experimental data are calculated from [34]
Inviscid TATO prediction of E387 agrees well with the experimental data ex-
cept for a discrepancy between 0.6 to 0.9 chord length on the suction surface
where flow separation occurs. This flow separation cannot be predicted by the
thin aerofoil theory due to its assumption of inviscid flow. The external velocity
magnitudes on A7 were found to be 5% higher than those of E387 on the suction
sides of the aerofoils’ nose parts (0.1 < x/c < 0.3), and 4% lower than those
of E387 on the pressure sides at 0.2 < x/c < 0.4. These differences in external
velocity distributions between the two aerofoils are due to the slight geometry
changes resulting from the removal of the slope-of-curvature discontinuities. The
increased velocity distribution increases the pressure difference between the suc-
tion and pressure sides of the aerofoil A7 compared to E387, leading to higher
lift performance as will be shown in Chapter 5.
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3.3 Boundary Layer Methods
To predict the size of an LSB on an aerofoil, there are three essential parameters:
laminar separation position, laminar-turbulent transition position and turbulent
re-attachment position. Before calculating the bubble extension, we must ensure
that the separation bubble exists. In numerical calculations, an LSB exists only
if laminar separation occurs earlier than laminar-turbulent transition. On the
contrary, if the transition process occurs first, natural transition occurs on the
aerofoil and hence there is no LSB.
Thwaites’ method [119] is adopted to determine the location of the laminar sep-
aration point. In laminar flows Thwaites’ method is an classical integral method
to calculate momentum transfer without mass transfer. The empirical equation












where q is external flow speed which can be obtained from thin aerofoil theory
as described previously, θ denotes boundary layer momentum thickness and ν
denotes the kinematic viscosity of air. Thwaites suggests the constants a = 0.45











where the subscript i denotes initial conditions. The term θ2i (
qi
q
)6 is zero in
calculations starting from the LE point. Once θ is obtained from Eq. 3.17, the








He suggested that the laminar flow separates when m = 0.082. This was later
corrected to 0.09 by Curle and Skan [120].
According to the momentum thickness of the local boundary layer, Michel’s
empirical formula [121] is used to calculate the location of the laminar-turbulence
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transition. The formula indicates that transition happens when the Reynolds
number based on the momentum thickness Reθ meets the following equation:




where Reθ ≡ qθ/ν, Rex ≡ ql/ν and l is the curve length between the local position
on the aerofoil surface and the stagnation point, denoted as the reference length.
The subscript tr denotes the transition position. The equation means that Reθ
is computed while laminar boundary layer equations are solved at l distance on
the aerofoil surface. The laminar-turbulent transition position is the point at Reθ
and Rex satisfy Eq. 3.19. It should be noted that Eq. 3.19 can only be applied
to laminar flows.
If laminar separation is followed by laminar-turbulent transition in the mixing
boundary layer and then turbulent re-attachment, a laminar separation bubble
forms. In some cases the LSB fails to form because the turbulent flow cannot
re-attach to the surface, e.g. an aerofoil operating at a very low attack angle
and a very low Reynolds number. The turbulent re-attachment can be calculated
with Horton’s criterion [25]. Subsequently Roberts found that in his calculations
Horton’s method generally gave a delayed prediction of re-attachments [122].
He compared theoretical and empirical values of the re-attachment criterion and






)R = −0.0059 , (3.20)
where ΛR is a re-attachment parameter which was proposed from a series of ex-
periments [122] and q is the inviscid external velocity. One must note that θ in
Eq. 3.20 denotes the momentum thickness in the turbulent boundary layer rather
than in the laminar layer, and hence Eq. 3.17 is no longer appropriate for calcu-
lating θ in Eq. 3.20. Here we apply Thwaites’ method [119] to a two dimensional







q(x)dx + const , (3.21)
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where xtr is the transition position which can be obtained from Eq. 3.19, and
const is determined from the initial condition which is x = xtr for the current
case.
The TATO prediction is completed by combining the inviscid external velocity
prediction with these boundary layer methods. The general procedural elements
are summarized in Figure 3.5. In this way the LSB and flow transition character-
istics are obtained by applying the analytical inviscid-viscid interaction scheme
TATO.
Figure 3.5: The program flow chart for Thin aerofoil Theory Code (TATO)
3.4 Results and Discussion
Laminar separation bubbles dominate aerofoil aerodynamic performance at low
Reynolds numbers [34]. Aerofoils E387 and A7 (as designed in Chapter 2) are used
to represent the aerofoils with and without discontinuities of slope-of-curvature
respectively. As described in Section 2.3, the discontinuities of slope-of-curvature
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on aerofoil E387 are mainly distributed near the LE area and the main body
of both suction and pressure sides. These discontinuities have been shown to
have effects on local pressure and velocity in turbomachinery, causing unusual
loads and thicker wake [40, 80, 95]. The redesigned asymmetric aerofoil A7
removed these discontinuities and hence has a continuous distribution of slope-
of-curvature. The TATO method is applied to both aerofoils E387 and A7 to
predict the size and position of the LSB at different AoAs and Reynolds numbers.
To compare with the results of aerofoil E387 from McGhee et al.’s wind tunnel
experiment [34], Reynolds numbers 1.0× 105 and 2.0× 105 carried out in the ex-
periment were selected for validation purpose. Reynolds Averaged Navier-Stokes
(RANS) computations are also used to investigate the aerodynamic characteris-
tics of both aerofoils. The detailed numerical setting-ups of RANS computations
will be described in Chapter 4 and Chapter 5, but some of the RANS results
will be presented in this chapter as a comparison and a supplement to the TATO
method.
In the TATO method, Eq. 3.16 to 3.19 are used to calculate laminar separation
position xsep and transition position xtr based on the inviscid external velocity
from thin aerofoil theory. As shown in Figure 3.5, Eq. 3.20 is used to calculate
the re-attachment point when xsep < xtr. In the RANS method, the separa-
tion streamline and the aerofoil surface are used to bound the bubble, and the
coordinates from the separation point to the re-attachment point are obtained.
The details of the separation bubbles on both E387 and A7 are presented in this
section to investigate the potential improvements in aerodynamic performance.
Figures 3.6(a) and 3.6(b) summarize the separation points and re-attachment
points of LSBs calculated with the TATO method at Reynolds number 1 × 105
and 2 × 105 respectively.
At both Reynolds numbers, TATO results provide good predictions of lam-
inar separation positions on aerofoil E387 compared to the experimental data.
Meanwhile the predictions of turbulent re-attachments have the same trend with
the experimental re-attached positions but are slightly closer to the trailing edge.
The prediction errors of the turbulent re-attachments are approximately 10% at
Re = 1 × 105. At Re = 2 × 105, the predictions of re-attachments are about
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(a) (b)
Figure 3.6: Separation and re-attachment points at Reynolds number 1× 105 (a)
and 2 × 105 (b) calculated with the TATO method and compared with McGhee
et al.’s experimental data [34]
8% delayed at low angles of attack (α = 0◦ ∼ 3◦), but they agree well with
experimental data at 4◦ to 7◦ AoA. The prediction errors of re-attachments re-
sult from the re-attachment criterion, which is determined from an empirical
value. Horton [24] suggested that large velocity gradients which change quickly
in the re-attachment area made the experimental measurements extremely dif-
ficult. Therefore the accurate re-attachment position was hard to determine.
Roberts [123] also suggested that another reason for the error of re-attachment
prediction could be inadequate predicting of transition and momentum thick-
ness in turbulent boundary layer. In the current case, Eq. 3.21 is an empirical
formula and can bring in further inaccuracy. Nevertheless, for a rapid response
calculation tool, the TATO method offered a more than acceptable predictions
of the LSB sizes, with errors less than 10%. These errors exist because TATO is
a generalized method which was not developed for a specific aerofoil.
Comparing the TATO predictions between aerofoil E387 and A7 at Re =
1 × 105, it was found that A7 has smaller LSBs when the AOA is smaller than
6◦. The direct reason for the smaller bubbles originates from the re-attachment
predictions as both aerofoils present similar laminar separation positions. Con-
tinuous slope-of-curvature distributions result in earlier turbulent re-attachments
and hence smaller LSBs until 7◦ AoA. Figures 3.6(a) shows that when the AoA
is beyond 7◦, A7 has larger LSBs than E387 because it has earlier separations
and delayed re-attachments. It is worth to mention that both TATO predictions
and experimental data show that the turbulent re-attachments positions of E387
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move rapidly towards the LE at 8◦ while the TATO predictions of A7 do not
present this phenomenon.
At Re = 2 × 105, similar to Re = 1 × 105, the TATO predictions of laminar
separation positions of both aerofoils are proximal for most AoAs. When the
AoA is greater than 5◦, aerofoil A7 shows slightly earlier separation. The TATO
method predicts that the aerofoil E387 with slope-of-curvature discontinuities
presents delayed turbulent re-attachments and hence larger sizes of LSBs at 0◦
to 7◦ AoA. In general we want to suppress flow separations, but at low Reynolds
numbers, the only dominant factor of the aerofoil performance is the size of
laminar separation bubble. In the predictions of TATO method, aerofoil A7
presents smaller separation bubbles and hence better aerofoil performance.
(a) (b)
Figure 3.7: Comparison of separation and re-attachment points between the
TATO method and the RANS computations at Reynolds number 1 × 105 (a)
and 2 × 105 (b). The experimental data of E387 are obtained from [34]
To further validate the TATO prediction, the sizes of LSBs calculated with
the RANS method at Reynolds number 1 × 105 and 2 × 105 are summarized
in Figures 3.7(a) and 3.7(b). At first glance, RANS computations offer better
agreements than the TATO predictions with exprimental data in turbulent re-
attachment position of E387 compared to the experimental data. This is mainly
due to the right selection of turbulence model in RANS computations, as de-
scribed in next chapter and Chapter 5. However, at Re = 1 × 105, the RANS
predictions of laminar separation positions are not as good as the TATO predic-
tions. The RANS predictions start to rapidly move towards the LE when the
AoA is above 6◦. This premature laminar separation predictions causes a larger
separation bubble, resulting in lower Cl and higher Cd than experimental data,
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as will be presented in Chapter 5. The RANS predictions have the same trends
as the TATO results, showing smaller LSBs on A7 compared to E387 due to
earlier re-attachments when AoA is less than 6◦. At Re = 2 × 105, as shown in
Figures 3.7(b), both RANS and TATO methods provide acceptable predictions of
laminar separation positions of E387 compared to the experimental data, while
TATO slightly overestimates the re-attachment points when the AoA is low. The
trend of RANS results are consistent with the TATO results, showing smaller
LSBs on aerofoil A7 at lower AoAs.
Table 3.1: Bubble length prediction accuracy and computation time comparison
between RANS and TATO. (The experimental data are from Mcghee et al. [34])
Aerofoil E387 A7 E387 A7 E387 A7
Re ×105 1 1 1 1 1 1
AoA [◦] 0 0 4 4 7 7
Bubble Length [c]
Experiment 0.43 N/A 0.38 N/A 0.25 N/A
TATO 0.444 0.419 0.401 0.388 0.316 0.332
RANS 0.395 0.380 0.359 0.321 0.302 0.313
Error [%]
TATO 3.25 N/A 5.52 N/A 26.4 N/A
RANS -8.14 N/A -5.53 N/A 20.8 N/A
Computation Time [s]
TATO (1 core) 3.6 3.5 4.1 4.9 3.8 4.0
RANS (8 cores) 2305.0 1735.3 1669.5 1352.5 1169.0 1563.8
Re ×105 2 2 2 2 2 2
AoA [◦] 0 0 4 4 7 7
Bubble Length [c]
Experiment 0.26 N/A 0.22 N/A 0.15 N/A
TATO 0.316 0.305 0.254 0.242 0.188 0.190
RANS 0.281 0.271 0.230 0.225 0.205 0.210
Error [%]
TATO 21.5 N/A 15.5 N/A 25.3 N/A
RANS 8.08 N/A 4.55 N/A 36.67 N/A
Computation Time [s]
TATO (1 core) 4.2 4.8 3.9 3.9 4.2 3.9
RANS (8 cores) 1712.0 1533.3 2428.0 1666.5 1093.5 1111.5
The predicted bubble lengths at Reynolds numbers 1 × 105 and 2 × 105 are
summarised in Table 3.1. The prediction accuracy and computation time are also
included in the table. At both Reynolds numbers in the table, the bubble length
summarized from the experimental report [34] are acceptably reproduced in all
cases except the 7◦ AoA. The TATO predictions provide more accurate results
than the RANS results at Re = 1 × 105 than at Re = 2 × 105.
To analyse this table, it is essential to understand the growth and bursting
process of the LSB on E387 as AoA increases at low Reynolds numbers as shown
in Figure 3.8. In Horton’s theory [25] the process can be summarised as three
stages. At a constant low Reynolds number, the LSB presents on the main
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body of an aerofoil suction side at low angles of attack (Stage 1) and it can
extend across more than 30% of the aerofoil surface [69]. Stage 1 is known as
a mid-chord bubble because of the bubble position [63]. Subsequently it moves
towards the LE region and becomes smaller with increasing AoAs. When the
AoA increases to a moderate value (e.g. E387 at 8◦ and Re = 2 × 105 [34]), the
laminar-turbulent transition occurs earlier than laminar separation (xsep > xtr in
Figure 3.5), and the aerofoil experiences natural transition instead of a laminar
separation bubble. When the AoA increases higher than the transition angles,
the LSB appears again at the LE region as a ”short bubble” (Stage 2). As the
AoA increases further the LSB eventually bursts at the stalling AoA and quickly
extends to the whole suction side surface (usually within one increasing AoA),
resulting in leading edge stall (Stage 3).
Figure 3.8: The growing and bursting process of LSB on an aerofoil with increas-
ing AoA at low Reynolds numbers
As shown in Table 3.1, the bubble lengths of E387 at the AoA of 7◦ predicted
by both RANS and TATO are more than 20% longer than those observed in
the experiment. A possible explanation for this phenomenon is the sensitivity
of the LSB. The 7◦ AoA is close to the natural transition AoA as explained in
the previous paragraph and the separation bubble appears to be sensitive and
unstable. The sensitivity problem of the LSB at AoA around 7◦ has been observed
by other researchers. Lin and Pauley [124] found that the freestream turbulence
in the experiment can delay the separation and hence make a shorter bubble.
They also found that the RANS computation overestimates the bubble length at
an AoA of around 7◦. Moreover, the inaccuracy of TATO calculations are mainly
due to inaccuracy in the turbulent re-attachment predictions which are calculated
from Eq. 3.20. One possible reason for the delayed re-attachment predictions is
that the classical re-attachment criterion does not take the turbulence intensity
of the experiment into consideration, while this plays a key role in the formation
of the LSB, especially the location of the re-attachment point. Also, Eq. 3.20 is
an empirical formula which is based on other experimental results, and it does
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not take the natural transition AOA of E387 or A7 into account. Consequently
longer bubbles at 7◦ are estimated by both computational methods.
The predicted bubble lengths of A7 are generally smaller than those of E387
except at the AoA of 7◦ at both Reynolds numbers examined here. This can
be explained by the growing and bursting process of an LSB in Figure 3.8. The
bubble sizes of E387 have been efficiently reduced at 0◦ and 4◦ by removing the
slope-of-curvature discontinuities. The redesigned aerofoil A7 hence has better
aerodynamic performance at low AoAs. Compared to the LSBs on A7, the smaller
bubbles of E387 at 7◦ indicate that the contraction speed of these bubbles becomes
faster at 7◦ than at lower AoAs. They start moving rapidly towards the LE and
move into Stage 2 with increasing AoAs. However, as the AoA increases, the
LSBs on the aerofoil A7 contract at the usual rate and remain in stage 1. This
explains the ’unusual’ phenomenon as mentioned earlier in this section and the
phenomenon is more obvious at higher AoAs which is presented in Table 3.2.
A comparison of the two computational methods TATO and RANS in terms
of accuracy and computation time is presented in Table 3.1. Both methods offer
good agreements compared to the experimental data and RANS gives slightly
more accurate bubble length prediction. However, the TATO method offers a
much quicker response computed using a single core (within five seconds) and
is hundreds of times quicker than RANS even if 8 cores MPI are applied to the
RANS computations. This makes TATO an affordable computing tool for rapid
estimation of the LSB on an aerofoil.
Table 3.1 also indicates that when the Reynolds number reaches 2 × 105, the
effects of slope-of-curvature continuity become less important in reducing the
bubble size because the separation bubble is no longer the key factor affecting
the aerofoil performance.
A comparison of the bubble length predictions from TATO and RANS at Re =
1×105, AoA=10◦ is presented in Table 3.2. Both the TATO and RANS methods
predicted a short bubble near the LE of E387 and a longer bubble on the main
body of A7 at the AoA of 10◦. The predictions are consistent with Horton’s
theory and the author’s inferences earlier in this section. The continuous slope-
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of-curvature distribution delays the LSB’s transition into Stage 2 and helps to
control the LSB contraction speed as the AoA increases. It will be shown that the
experimental results in Chapter 5 are consistent with the numerical predictions
in Table 3.2.
Table 3.2: The bubble length comparison between TATO and RANS at Re =
1 × 105, AoA=10◦. LS: laminar separation, TR: turbulent re-attachment, BL:
bubble length.
TATO RANS
LS Position TR Position BL LS Position TR Position BL
Re = 1 × 105AoA=10◦ E387 0.020 0.133 0.113 0.008 0.101 0.093
A7 0.051 0.245 0.194 0.039 0.211 0.172
RANS is used as a supplement to the TATO method. A comparison of skin
friction coefficient distributions between E387 and A7 at Re = 1×105, AoA=10◦
is presented in Figure 3.9. The aerofoil E387 exhibits a short bubble at the LE
region, making the aerofoil E387 experience earlier transition to turbulence than
the aerofoil A7 at Re = 1×105 and AoA=10◦. With a turbulent re-attachment at
the position x/c = 0.101, as shown in the streamline figure, the boundary layer on
E387 becomes more energetic and hence significantly increases the skin friction
force compared to aerofoil A7. As shown in Figure 3.8, the skin friction force on
an aerofoil generally increases from Stage 1 to Stage 2 due to the more energetic
turbulent boundary layer, and exhibits a bursting increase from Stage 2 to Stage
3 due to the leading edge stall. This explains the difference in the LSB size both
in the case shown in Figure 3.9 and in the case described previously in Table 3.1 at
7◦. The RANS results indicate that discontinuous slope-of-curvature distributions
make the LSB on E387 move into Stage 2 while the bubble on the aerofoil A7 with
an improved curvature distribution is still in Stage 1. This leads to an earlier
laminar and turbulent separation, as well as an earlier transition process, and
therefore a higher Cf . The continuous slope-of-curvature distribution results in
a lower Cf distribution for the redesigned aerofoil A7. The separation bubble on
the aerofoil A7 is caused only by the unavoidable adverse pressure gradient with
no contribution from curvature discontinuity. Consequently the aerodynamic
performance of the aerofoil A7 has been improved (as the LSB is still in Stage
1) due to a delayed laminar and turbulent separation compared to the aerofoil
E387.
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Figure 3.9: Comparison of skin friction coefficient distributions between E387
and A7 at Re = 1 × 105, AoA=10◦. The streamline figures are the streamline of
E387 (top) and A7 (bottom) respectively for the corresponding Re and AoA
As soon as the flow separates near the trailing edge, the separated region
merges with the wake and results in trailing edge stall, causing lift loss and drag
increase. Continuous slope-of-curvature distributions make the boundary layer
flow attach to the aerofoil surface for a longer surface distance and suppress the
flow separation in the trailing edge as shown in the Cf distributions in Figure 3.9,
and consequently improve aerofoil performance. Figure 3.9 shows at Re = 1×105
and AoA=10◦, the continuous slope-of-curvature distribution delayed the position
of turbulent trailing edge separation by more than 10% for the redesigned aerofoil
A7.
3.5 Summary
A rapid-response solver based on an inviscid-viscid interaction scheme called
TATO was introduced in this chapter. The scheme was coded by the author
using Fortran90. It uses classical thin aerofoil theory of the second order to
predict external velocity and pressure on an aerofoil surface, and interacts with
semi-empirical boundary layer methods to investigate the aerofoil boundary layer
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behaviour including laminar separation, laminar-turbulent transition and turbu-
lent re-attachment. The TATO method was applied to aerofoils E387 and A7
to study the effects of slope-of-curvature discontinuities on low Reynolds number
aerofoils through investigating their LSB extensions at different angles of attack
and Reynolds numbers. E387 exhibits slope-of-curvature discontinuities on both
suction and pressure surfaces. The newly designed aerofoil deviates little in its
profile geometry compared to the original aerofoil but with no slope-of-curvature
discontinuities. The RANS computations were also used as a comparison and
a supplement to the analytical scheme TATO. The TATO scheme offered ac-
ceptable predictions while it provided a much faster response than the RANS
computations.
In the TATO predictions, the laminar separation predictions agreed well with
the results from experimental work of Mcghee et al. [34] while the turbulent
re-attachment was predicted slightly delayed. It was found that the slope-of-
curvature discontinuities influence the aerofoil boundary layer behaviour by af-
fecting the LSB bursting process. The removal of the slope-of-curvature discon-
tinuities delays the bubble bursting process when comparing LSB positions on
the aerofoil A7 with those on the aerofoil E387. For the cases at Re < 2 × 105
and angles of attack lower than 7◦, the aerofoil surface curvature affects the size
of the LSB which dominates the aerofoil performance in these cases. The bub-
ble sizes were successfully reduced by removing slope-of-curvature discontinuities
at lower attack angles. For the cases at Re = 2 × 105, the bubble sizes were
still reduced but the improvements were not as obvious as at Re = 1 × 105.
The factor that is important for the aerofoil performance is no longer the sep-
aration bubble size but the inherent aerofoil geometry when Re > 2 × 105. At
higher angles of attack, continuous slope-of-curvature distribution delays lead-
ing edge separation, laminar-turbulence transition and trailing edge separation.
Through these mechanisms skin friction is reduced and improved aerodynamic
performance is achieved. It has been shown that the TATO method is a rapid
calculation tool and it can provide boundary layer behavior predictions for low
Reynolds number aerofoils. Moreover, the numerical studies show that contin-
uous slope-of-curvature distributions provide better control of flow separation,
leading to improving aerofoil aerodynamic performance.
Chapter 4
Numerical Investigation of the Effects of Surface
Curvature Discontinuity on Aerofoil Aerodynamic
Performance
4.1 Introduction
As described in Chapter 2, the surface curvature distribution of a symmetrical
aerofoil NACA0012 is discontinuous at the leading edge (LE) point, and the
discontinuity can be removed with the CIRCLE method. The redesigned aero-
foil QM13F has a continuous distribution of surface curvature. The aim of this
chapter is to examine the impact of a singular point of curvature distribution on
the aerofoil’s steady and unsteady performance, both qualitatively and quantita-
tively. It is of interest to investigate the improvement in rotor torque and power
generation when applying the redesigned aerofoil with a continuous curvature
distribution to a real VAWT is considered.
In this chapter, computational fluid dynamics (CFD) is used to investigate the
effects of surface curvature discontinuity on the aerodynamic performance of the
aerofoil NACA0012. The computational results are compared with experimental
data on the original aerofoil from a study performed by Lee and Gerontakos [111],
as well as the results from the TATO method which was introduced in Chap-
ter 3. Reynolds Averaged Navier-Stokes (RANS) equations are used to obtain
the aerodynamic characteristics of both the redesigned aerofoil and the origi-
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nal aerofoil, and the aerodynamic improvements near the stalling angle will be
discussed. Subsequently a 5 kW vertical axis wind turbine (VAWT) is selected
to demonstrate the improvement in output energy resulting from replacing its
aerofoil NACA0012 with QM13F while all other parameters of the wind turbine
are unchanged. Two dimensional (2D) unsteady RANS computation is used to
investigate the aerodynamic improvements of the VAWT due to the removal of
the surface curvature discontinuity. It is expected that the surface curvature
discontinuity will have effects on the aerofoil, and aerodynamic performance im-
provements can be achieved by using the aerofoil with a continuous curvature
distribution and a nearly identical profile.
4.2 Investigation into the Effects of Curva-
ture Discontinuity on NACA0012 at a Low
Reynolds Number Using Steady RANS
Computations
In this section, steady RANS computations are applied to both aerofoils to inves-
tigate the effects of curvature discontinuity. An aerofoil study of NACA0012 and
QM13F with angle of attack (AoA) ranging from 0◦ to 14◦ was conducted for val-
idation and comparison with the experiments done by Lee and Gerontakos [111].
RANS computations were carried out using the ANSYS software.
4.2.1 Meshing of Aerofoil Geometry for RANS
A structured O grid with a diameter of 3 chord lengths was used inside a C-grid
to wrap the aerofoil, as shown in Figure 4.1. Seven hundred and fifty nodes were
wrapped over each surface of the aerofoils after checking the mesh independence.
The structured grids over each surface were clustered around the LE and TE
regions of both aerofoils to capture the variation of the local surface curvature
between original and redesigned aerofoil. Two hundred nodes were applied per-
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pendicularly to the aerofoil surfaces. The zone of surface proximity was refined
in the normal direction to the surface in order to capture the boundary layer of
the aerofoil. To verify that the cells are close enough to aerofoil surface, the y+
distribution over the aerofoil has to be checked. y+ is a dimensionless height of






where y is the first cell height, τw is the local shear stress at the wall and ρ refers
to the density of the air. In this study the first grid point next to the wall was
found to have y+ 6 1.0 for all shown cases.
Figure 4.1: Schematic figure of computational domain and the meshing of aerofoil
proximity for NACA0012 and QM13F
The computational domain extends to 20 chord lengths in all directions for
each aerofoil, with a total number of approximately 300,000 grid cells. For both
aerofoils, the mesh was refined with twice the resolution in the wall-normal and
streamwise directions from a coarse mesh, and it was determined to be an inde-
pendent mesh when lift and drag coefficient predictions showed negligible differ-
ence from a finer mesh but significant difference from a coarser mesh.
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4.2.2 Boundary Conditions
Inlet Boundary. In RANS computations of an aerofoil for incompressible flows,
the upwind inlet is usually defined as a velocity inlet. An inflow condition is
defined based on the flow velocity and turbulence parameters, while the total
pressure values are not fixed. The mass flow rate and momentum which get
into the computational domain through the inlet are determined by setting the
velocity. In order to compare the computational results with the experimental
data [111], the same operating conditions in the experiments are applied to the
computations. The freestream flow velocity is 13 m/s and the corresponding
turbulence intensity of the constant inflow is 0.08%. Second order pressure and
momentum spatial discretisations are used in the computations.
Outlet Boundary. The downwind outlet is defined as a pressure outlet. At
the outlet boundary the static pressure is specified. Similar to the velocity inlet
boundary conditions, the pressure outlet can only be defined when the flow is
subsonic.
Wall Boundary. The surface of the aerofoils are defined as no-slip wall bound-
aries. The normal direction component is usually set to zero, and the velocity
component in the tangential direction is set equal to the flow velocity on the wall.
The flow velocity U on the wall meets:
~U = ~Ugrid, (4.2)
where ~Ugrid is the moving velocity of the grid on the wall. ~Ugrid = 0 when the wall
grid does not move. The simulated chord length is 0.15 m and the corresponding
chord-based Reynolds number is 1.35 ∗ 105.
4.2.3 Selection of Turbulence Model
Three common turbulence models are tested to look for the most appropriate
model for the current computations of NACA0012 at AOA ranging from 0◦ to
14◦. The results are then compared to the experimental data [111] to verify the
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accuracy. The models are Spalart-Allmaras (S-A), k − ε RNG and Transition
SST models. The transition SST turbulence model is based on the coupling of
the SST k − ω transport equations with two other transport equations (in terms
of the intermittency and momentum-thickness Reynolds number respectively).
The Cl curves obtained from different turbulence models are presented in Fig-
ure 4.2. The S-A model overestimated Cl at all tested AoAs. It did not capture
the stalling angle at around 13◦. The error compared with the experimental data
are within 10% at AoAs lower than 10◦, but due to the inaccuracy near stalling
angles the maximum error is more than 50% at 14◦. The k−ε RNG model offered
slightly better predictions of the lift coefficients compared to the predictions of
the S-A model, but it also did not capture the stalling angle correctly. The pre-
diction accuracy is found to be within 7% when the AoA is lower than 10◦ but
the maximum error is still more than 50% at 14◦. The Cl results obtained from
the transition SST model match better than those from the other two models. It
accurately predicted the stalling angle at 13◦ and provided an average predicting
error within 5%. The maximum error is 9.5% at 14◦.
Figure 4.2: Lift coefficients of NACA0012 obtained from different turbulence
models and their comparison with the experimental data at Re = 1.35∗105. The
experimental data are obtained from the study of Lee and Gerontakos [111]
The Cl−Cd polar curves obtained from the numerical computations are shown
in Figure 4.3. At low AoAs all three models overestimated the drag coefficients.
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Ochs [125] suggests that the overestimation of the drag force is due to the inac-
curacy of the transition prediction in RANS computations of aerofoils. The skin
friction force in the laminar flow condition is less than in turbulent flow, and
hence the fully turbulent computations overestimate the drag force at low AoAs.
At high AoAs the S-A model and the k− ε RNG model both predict much higher
lift and lower drag performance than the experimental data, resulting from in-
accurate predictions near the stalling angle. The prediction errors of these two
models near the stalling angle are mainly due to the inaccurate prediction of
laminar-turbulent transition. In particular, the one-equation model (S-A) and
two-equation model (k − ε RNG) cannot predict the sudden drop in lift due to
the laminar separation bubble (LSB) bursting (as described in the previous Chap-
ter), because they did not capture the LSB near the LE at all at 13◦. However,
the Transition SST model (four-equation) focuses more on the boundary layer
behaviour with greater consideration of turbulent intermittency and boundary
layer momentum thickness, and consequently offered more accurate predictions
on the aerofoil performance near the stalling angle. Therefore the Transition SST
model is selected as the turbulence model in this study.
Figure 4.3: Polar curves of lift and drag coefficients of NACA0012 obtained from
different turbulence models and their comparison with the experimental data at
Re = 1.35 ∗ 105. The experimental data are obtained from the study of Lee and
Gerontakos [111]
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4.2.4 Aerodynamic Force Predictions
The computed lift coefficients (Cl) and drag coefficients (Cd) of the aerofoils
(NACA0012 and QM13F) and experimental data of NACA0012 at Reynolds num-
ber 1.35×105 are presented in Figure 4.4. The RANS results of NACA0012 match
well with the experimental data by Lee and Gerontakos [111]. The computation
accurately predicts the stalling AoA and the corresponding Cl and Cd, although
it slightly overestimates Cl values from 8
◦ to 11◦ as shown in Figure 4.4(a) and
overestimates Cd values when the AoA is low, as shown in Figure 4.4(b). Both
of these figures indicate that the two aerofoils have the nearly same lift and
drag performance at current Reynolds number (Re = 1.35 × 105) until the AoA
reaches 10◦. At AoA > 10◦, however, QM13F has a larger Cl and a reduced Cd
compared with NACA0012. The numerical comparison of the aerodynamic force
between NACA0012 and QM13F indicates two things. First, at a Reynolds num-
ber of 1.35 × 105, the leading edge singularity of NACA0012 significantly affects
the aerofoil’s aerodynamic performance near the stalling AoA. (In particular, at
AoA= 13.5◦, the removal of the curvature singularity results in a 39.7% increase
of Cl and a 34.9% decrease of Cd.) Second, the stalling AoA can be increased ap-
proximately 0.5◦ by removing the curvature discontinuous point and maximally
maintaining the profile geometry.
As shown in Figure 4.4, the greatest differences between the lift and drag
performance of NACA0012 and QM13F were found at AoA of approximately
13◦. Therefore the pressure coefficient (Cp) and skin friction coefficient (Cf )
distributions of these aerofoils at 13◦ and 13.5◦ are examined further to investigate
the boundary layer behaviour that causes different aerodynamic performance, as
shown in Figure 4.5 and 4.6.
The difference in Cp distribution between the two aerofoils at 13
◦ can be ob-
served on the suction side near the LE region. In the magnified view shown in
Figure 4.5(a), the RANS results of QM13F show an increased negative pressure
over the LE suction side compared to the original NACA0012 due to the con-
tinuous surface curvature distribution which results in a better lift performance.
The differences between the Cf distributions on the suction side are presented in
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(a) (b)
Figure 4.4: Comparison between (a) Lift coefficients and (b) drag coefficients
from RANS results and experimental work by Lee and Gerontakos [111]
(a) (b)
Figure 4.5: The comparison of RANS results from NACA0012 and QM13F at 13◦
angle of attack: (a) pressure coefficients (b) upper surface skin friction coefficients
Figure 4.5(b). This indicates that QM13F has a delayed separation point near
the LE region because the Cf value of QM13F before the transition point is
generally larger than that of NACA0012. QM13F provides reduced skin friction
force without the leading edge curvature discontinuity as shown in Figure 4.5(b).
Both TATO and RANS methods are applied to NACA 0012 and QM13F at
AoA=13◦, Re = 1.35× 105 and the predictions are provided in Table 4.1. In the
experimental work by Lee and Gerontakos [111], the LSB on NACA 0012 at the
same operating conditions appeared near the LE and the length is approximately
0.07 chord length (the bubble is too small to give an accurate length). Both
numerical methods reproduced the bubble position and acceptably predicted the
bubble length compared to Lee’s experimental data [111]. TATO and RANS
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predicted respectively that the length of the LSB on QM13F is 0.07 and 0.016
chord-length shorter than that on NACA 0012, resulting in better aerodynamic
performance as shown in Figure 4.4.
Table 4.1: Bubble length comparison between TATO and RANS for NACA0012
and QM13F at Re = 1.35×105 , AoA=13◦. LS: laminar separation, TR: turbulent
re-attachment, BL: bubble length.
TATO RANS
LS Position TR Position BL LS Position TR Position BL
NACA0012 0.018 0.079 0.059 0.016 0.099 0.083
QM13F 0.024 0.076 0.052 0.025 0.092 0.067
Figure 4.6: The RANS results comparison of (a) pressure coefficients (b) upper
surface skin friction coefficients at 13.5◦ angle of attack between NACA0012 and
QM13F
When the AoA increases to 13.5◦, as shown in Figure 4.6, the Cp distribution
on the upper surface of NACA 0012 at the LE part is approximately 45% lower
than that of QM13F, causing a obvious drop in lift force and an increase in drag
force . This phenomenon is due to the bubble bursting at the LE of NACA 0012,
as presented in Figure 4.7. The curvature discontinuity at the LE point of NACA
0012 results in a premature bubble bursting and a subsequent LE stall. As soon
as the LE separated region merges with the TE separated region, the aerofoil
experiences upper surface stall, causing instant lift loss and drag increase. The
stall on NACA 0012 can also be identified from the Cf distribution in Figure 4.6
(a). It indicates that the flow separates at x/c = 0.03 and does not re-attach
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to the surface of NACA0012. Meanwhile, as shown in the magnified figure of
Figure 4.7 (b), a small LSB is found on the aerofoil QM13F at 13.5◦ and it does
not coincide with the trailing edge separation. Compared to the effect of the large
separation zone on NACA0012, the separation bubble at the LE of QM13F has
a smaller effect on Cl and Cd. In this way the continuous curvature distributions
result in a higher stalling AoA of the aerofoil QM13F.
(a) (b)
Figure 4.7: The RANS computational results of the streamline of NACA0012 (a)
and QM13F (b) at AOA = 13.5◦, Reynolds number 1.35 × 105
It can be concluded that the removal of the surface curvature discontinuity at
the LE results in a higher stalling angle and a better aerodynamic performance
near the stalling AoA. The better performance includes increased lift which is
caused by the larger pressure differences between pressure and suction sides, and
lower drag which is due to a delayed stall.
4.3 Effects of Aerofoil Curvature Discontinuity
on the Performance of a VAWT Using Un-
steady RANS Computations
Improvements in aerofoil aerodynamic performance were achieved by fixing the
LE curvature discontinuity on the aerofoil NACA 0012 while otherwise keeping
a nearly identical profile. In this section the output power of a VAWT using
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the original and the redesigned aerofoils are compared to demonstrate the im-
provement in power output resulting from replacing its aerofoil NACA0012 with
QM13F while all other parameters of the wind turbine are unchanged. A 5
kW H-type VAWT is selected because it is very common in small wind turbine
market [126, 127]. To focus on the aerofoil aerodynamics and keep the compu-
tation simple, we assume blades have an infinite aspect ratio and thus pursue
two-dimensional computations.
Rather than HAWT, a VAWT is selected for the current study due to its
different operating characteristics. The suction side and pressure side of a turbine
blade changes periodically and the AoA varies in a wide range from negative to
positive during rotation of a VAWT. Symmetrical NACA four-digit aerofoils are
widely applied in commercial VAWTs due to their comparatively better stalling
performance at low Reynolds numbers, as well as the availability of detailed
geometric and experimental data of aerofoil performance [51, 52, 53, 111, 128].
4.3.1 Basic Kinematics of a Three-Bladed VAWT
Figure 4.8: Schematic diagram of aerodynamic forces on the rotating rotor of a
three-bladed VAWT
Typical aerodynamic forces on the rotating rotor of a three-bladed VAWT are
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presented in Figure 4.8. The air flow with velocity ~U∞ passes through a rotating
VAWT rotor with a radius of R and rotating speed ω. The relative velocity ~W
of the flow becomes:
~W = ~U + ~V , (4.3)
where ~U is the incoming velocity near the blade, ~V is the linear velocity of the
rotating rotor and the magnitude is ωR. The flow generates a lift force L on the
direction perpendicular to ~W and a drag force D on the direction of the resultant









Using the geometrical relationship shown in Figure 4.8, the magnitude of ~W can
be described as:
W 2 = U2 + 2UV cos(π − θ) + V 2, (4.5)
where θ is the azimuth angle of a blade.
The normal and tangential force on a single blade can be calculated from their
geometric relationships with the lift and drag force, as shown in Figure 4.8:
N = Lcosα + Dsinα, T = Lsinα −Dcosα, (4.6)





Figure 4.9 presents the variation of the attack angle at different azimuth angles.
The maximum AoA decreases as λ increases. The blade torque Q is determined
by the tangential component of the aerodynamic forces on the blade and the rotor
radius R:
Q = T · R (4.8)
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Figure 4.9: The AoA variation of a rotor cycle based on different TSRs
where P = b · Q · ω is the power of the rotor where b is blade numbers of the
VAWT, ρ is the air density and A = 2R ·H is the swept area of the rotor where H
is the height of a blade (H = 1 for the two dimensional case). Here Q, P and CP
are instantaneous values, and the time-averaged values can be determined upon


















where R is the rotating radius and c is the chord length of the blade.
4.3.2 Methodology of the Numerical Computations
The computational domain as presented in Figure 4.10 is used for unsteady RANS
computations. The rotor diameter D = 3.1 m and the size of domain is 15D ×
10D. The schematic of the computational domain of the VAWT is given in
Figure 4.10.
In order to simulate the rotation of the VAWT, we set a circular zone as a
rotating part in the domain. The circle of the zone boundary has a diameter
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Figure 4.10: Schematic of the computational domain of a 2D VAWT. The magni-
fying figures are the grids around the blade (right top), the grids around the rotor
(right bottom) and the grids around the leading edge of the blade (left bottom)
of 1.5D and it is concentric with the rotor. The circle is set to sliding mesh
interface which allows the grids in the circular zone to slide relative to the resting
cells of the domain which are stationary. A mesh independent study using the
torque coefficient as the parameter showed that 1500 nodes on the aerofoil surface
was sufficient for accuracy. In the numerical study of Mei and Qu [129], they
found that quadrilateral structured cells offer faster convergence rate with shorter
averaged computing time than triangle unstructured cells for the boundary layer
mesh (inflation cells). Therefore we select quadrilateral cells as the mesh type for
the boundary layer and triangle cells for the rest of the domain. To make sure
the transition of the mesh types at the boundary of inflation cells to be smooth
and fine, the 1500 nodes on the surface are equally spaced. The height of the first
layer of cells is 10−5 m which makes y+ 6 1 (except at the LE of each aerofoil
y+ 6 2). The growth factor of the boundary layer cells is set to 1.05 and the
total height of these cells is approximately one percent of the chord length. The
whole computational domain has approximately 300,000 cells.
Similar to the last section, the left boundary in Figure 4.10 is set as a velocity
inlet and the freestream flow velocity is 5 m/s. The right boundary is set as a
pressure outlet. The surfaces of all three blades and the hub (rotating center)
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are set to no-slip wall boundary. To be consistent with the previous section,
Transition SST model is selected as the turbulence model. This selection agrees
with other researchers’ work. Danao [109] compared SA model, RNG k − ε and
transition SST models on a pitching NACA 0012 aerofoil and compared this to
the experimental data [111]. They found that the transition SST model is the
most appropriate one for unsteady use due to a better agreement than other
models compared to the experimental results.
Unsteady RANS computations use a time stepping method to simulate the
flow field. In the current study, the time step size was set to the time required
for the rotor to rotate 0.5◦. For each time step, the convergence criteria of all
the residuals was set to 10−5. The flow field was considered to have converged
when the averaged blade torque Q̄ of one rotation cycle converges, i.e. the torque
coefficients presents the same profile in each rotation cycle. As shown in Fig-
ure 4.11, the gray cycles (first five rotations) are unconverged solutions and the
black results are converged and periodic. The computations are based on Intel
Core i7-3770 8 cores 3.4 GHz CPU. Numerically, when the relative difference cr
Figure 4.11: Pediodic convergence determination of torque coefficients. The
VAWT with aerofoil QM13F, λ = 4
of averaged torque between two adjacent cycles is within 1%, the flow field is













where Q̄(i) is the averaged torque for the rotation cycle i.
Time step size is one of the key factors in unsteady RANS and it directly
affects accuracy and efficiency of the computations. The rotation time required
4 Numerical Investigation of the Effects of Surface Curvature
Discontinuity on Aerofoil Aerodynamic Performance 81
Table 4.2: Time consumption of four time step sizes for the simulation of a VAWT
with aerofoil QM13F, λ = 4
Monitoring Parameter
time step size
t2 t1 t0.5 t0.25
Average time for one rotation cycle (hours) 1.3 1.9 2.9 4.6
Rotation cycles to achieve convergence (rotations) 5 5 6 6
Average time to achieve convergence (hours) 6.5 9.5 17.4 27.6
for 0.25◦, 0.5◦, 1◦ and 2◦ of the rotor are used to select the most appropriate time
step size, and they are denoted as t0.25, t0.5, t1 and t2 in the following tables
and figures. Table 4.2 presents the time consumption of the time step sizes at
λ = 4 for the rotor with aerofoil QM13F. It takes 5 rotation cycles to converge
when using time step sizes t1 and t2, while it takes one more cycle to converge
when using t0.25 and t0.5. Reduction of the time step size causes an increase in
the consumed time. The time taken for t1, t0.5 and t0.25 to achieve convergence
are 1.46, 2.68 and 4.25 times that of time step size t2.
Figure 4.12: Relative differences of averaged single blade torque between adjacent
two cycles
In the time-step independence study, the relative difference cr between in sub-
sequent rotation cycles of averaged blade torque computed with four different
time step sizes is presented in Figure 4.12. The figure indicates that larger time
4 Numerical Investigation of the Effects of Surface Curvature
Discontinuity on Aerofoil Aerodynamic Performance 82
step sizes result in a faster speed of convergence. Yet faster computational speed
does not necessarily mean higher computational accuracy. Figure 4.13 presents
rotor power curves obtained from four different time step sizes and indicates rel-
ative errors between them. The CP curves obtained from time step sizes t0.5
and t0.25 are practically identical while those from t1 and t2 are slightly larger.
Similar to the grid independence check, the CP curve converges to the curve ob-
tained from t0.5 and t0.25 with the decrease of the time step size. It indicates
that the accuracy of the computations increases when applying a smaller time
step size. However beyond t0.5, a further reduction of the time step size does not
increase the computational accuracy any more. Considering the computational
accuracy and corresponding consuming time, the rotation time required for 0.5◦
was selected as the time step size.
Figure 4.13: Rotor power curves computed with four different time step sizes
4.3.3 Results and Analysis
The power curves of the VAWTs with the aerofoils NACA0012 and QM13F at the
wind speed of 5 m/s are presented in Figure 4.14. The results were computed
with the unsteady RANS as described in last subsection, as well as the blade
element momentum (BEM) method which is described in Appendix A. The TSR
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λ varied from 2.5 to 4.5. Both URANS and BEM methods provide similar trends
of CP -λ curve predictions, and they both predict that the VAWT with the aerofoil
QM13F offers higher CP than the VAWT with NACA0012 for all the examined
cases. The BEM predicted CP of the VAWTs with both aerofoils are slightly
smaller than the corresponding results of the unsteady RANS when the TSR λ
reaches 4. Both methods determined the maximum CP s at λ = 4 for rotors with
both aerofoils NACA0012 and QM13F. The largest difference between two curves
determined from unsteady RANS is at λ = 3.5 which is therefore selected as a
typical example to analyze the flowfield of both VAWTs. The VAWT with aerofoil
QM13F offers an 9.7% increase in the power coefficient prediction compared to
the VAWT with NACA0012.
Figure 4.14: Rotor power curves at different TSRs computed from the VAWTs
with aerofoil NACA0012 and QM13F
Instantaneous rotor torque coefficient curves for one rotation cycle computed
from the VAWTs with aerofoils NACA0012 and QM13F are presented in Fig-
ure 4.15. Both curves show three completed periods in one rotation cycle due
to the three-bladed design. The instantaneous rotor torque coefficients of the
VAWT with aerofoil QM13F are greater than those obtained from the VAWT
with NACA0012 for all the azimuth angles in a rotation. The main differences
of the rotor CQ are located at the azimuth angle θ ∈ [0◦, 40◦] and [80◦, 120◦], as
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well as the corresponding azimuth angle positions in other two periods.
Figure 4.15: Instantaneous rotor torque coefficient curves for one rotation cycle
computed from the VAWTs with aerofoil NACA0012 and QM13F
To investigate the mechanism underlying the improvement in performance, in-
stantaneous torque coefficient curves of a single blade for one rotation cycle are
presented in Figure 4.16. For a single blade at low azimuth angles, the instanta-
neous torque coefficients are negative due to the relatively low local AoAs (as in
Figure 4.9) and the high aerodynamic drag force. The blades with both aerofoils
start to provide positive torque when the AoA reaches 30◦. The maximum blade
torque coefficients are obtained when the azimuth angle is 90◦ where the blade
with aerofoil QM13F starts to provide a higher torque coefficient. The blade
using QM13F offers a higher torque coefficient until the azimuth angle reaches
approximately 180◦ and the maximum increase is at 135◦ with an increase ratio of
138%. During the second half of the rotation the blades of both aerofoils provide
practically same torque coefficients. It is worth to mention that in the first half
of the rotation cycle, the local AoAs are all positive angles, which indicates that
the curvature discontinuity at the LE point has more significant impact on the
aerofoil performance at positive AoAs than at negetive AoAs.
Three typical azimuth angles 120◦, 135◦ and 150◦ are selected to reflect the
improvement in performance caused by the removal of the surface curvature dis-
continuity. The instantaneous pressure contours and pressure coefficients of a
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Figure 4.16: Instantaneous torque coefficient curves of a single blade for one
rotation cycle computed from the VAWTs with aerofoil NACA0012 and QM13F
blade at three corresponding positions are presented in Figure 4.17 to 4.22. As
the surface curvature continuity is at the LE point, the main improvement in
pressure difference between the suction and pressure sides originates from the
LE area. Figure 4.17 shows that the blade with aerofoil QM13F has lower neg-
ative pressure near the leading edge compared to the blade with NACA0012 at
azimuth angle θ = 120◦. The differences in Cp are on the suction surface within
0 < x/c < 0.1 and the improvement is up to 30%.
Figure 4.17: Instantaneous pressure contours of a blade at azimuth angle θ = 120◦
computed from the VAWTs with aerofoil NACA0012 (left) and QM13F (right)
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Figure 4.18: Comparison of pressure coefficients of a blade at azimuth angle
θ = 120◦ computed from the VAWTs with aerofoil NACA0012 and QM13F
Figure 4.19: Instantaneous pressure contours of a blade at azimuth angle θ = 135◦
computed from the VAWTs with aerofoil NACA0012 (left) and QM13F (right)
Figure 4.19 indicates that the LE discontinuity starts to affect the aerofoil
stall performance when the aerofoil is at θ = 135◦ in the downstroke. Due to
the removal of the discontinuity, the blade with aerofoil QM13F had a delayed
stall process and hence kept a lower negative pressure at 0 < x/c < 0.15 of the
nose part, as shown in Figure 4.20. Similar to the steady case at AoA 13.5◦,
larger flow separation on the suction side of the blade with aerofoil NACA0012
caused a reduction in pressure differences at the nose part. The stall resulted in
a slightly lower Cp at 0.15 < x/c < 1 compared to the blade with QM13F, but
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Figure 4.20: Comparison of pressure coefficients of a blade at azimuth angle
θ = 135◦ computed from the VAWTs with aerofoil NACA0012 and QM13F
the flow separation in this region significantly increased drag and hence decreased
the blade torque. The difference in blade torque between the blade with aerofoil
NACA0012 and QM13F reaches a maximum at 135◦.
Figure 4.21: Instantaneous pressure contours of a blade at azimuth angle θ = 150◦
computed from the VAWTs with aerofoil NACA0012 (left) and QM13F (right)
At azimuth angle θ = 150◦, the blades with both aerofoils experienced a large
region of flow separation on the suction sides while the blade with NACA0012
suffered more from the suction side stall, as shown in Figure 4.21. The un-
avoidable stall behaviour on the blade with QM13F occurs because the blade is
operating in the downstroke motion according to the AoA distribution in Fig-
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Figure 4.22: Comparison of pressure coefficients of a blade at azimuth angle
θ = 150◦ computed from the VAWTs with aerofoil NACA0012 and QM13F
ure 4.9. The downstroke motion exacerbated flow separation from the suction
surface and resulted in current Cp distributions. As described previously, aerofoil
NACA0012 and QM13F have almost identical geometry, and the only difference
between their profiles is due to the removal of the curvature discontinuous point.
Therefore, compared to the blade with QM13F, it is found that the blade with
aerofoil NACA0012 providing worse Cp and CQ performance is caused by the
surface curvature discontinuity.
4.4 Summary
This chapter numerically investigated the effects of surface curvature discon-
tinuity on aerofoil aerodynamic performance using the symmetric aerofoils
NACA0012, which has curvature discontinuity at the LE point, and QM13F,
which has no curvature discontinuity. The surface curvature discontinuity af-
fects aerofoil lift and drag performance near the stalling angle in the steady flow.
For the tested cases of Re = 1.35 × 105, the removal of the discontinuous point
increased the stalling angle by 0.5◦, and resulted in up to 35% lift and drag perfor-
mance improvements near the stalling angle. In unsteady cases the two aerofoils
are respectively applied to the blades of a 5 kW VAWT because symmetric aero-
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foils are commonly used for VAWT due to the wide range of negative to positive
angles of attack experienced during a VAWT’s rotation cycle. It was found that
the surface curvature discontinuity mainly influenced the blade performance in
the first half of the rotation cycle where the relative attack angles are all positive.
The removal of the surface curvature discontinuity resulted in up to 9.7% increase
(varied from the tip speed ratio) in the predictions of the power coefficient. Pro-
found improvements in aerodynamic performance are achieved by fixing only one
discontinuous point on the aerofoil with an otherwise identical profile, therefore
continuous surface curvature distributions of an aerofoil are essential for external
aerofoils and blades especially those operating at a wide range of AoA.
Chapter 5
Experimental Investigation into the Effects of Surface
Curvature on Aerofoil Aerodynamic Performance
5.1 Motivation
This chapter presents wind tunnel experimental results to investigate the effects of
surface curvature on aerodynamic performance of a low Reynolds number aerofoil
Eppler 387 for small-scale wind turbine use. As described in Chapter 2, the
CIRCLE method is applied to the aerofoil E387 to remove the discontinuities
of slope-of-curvature from LE to TE and the redesigned aerofoil is denoted as
A7. Both aerofoils are manufactured with high precision to reflect the design.
Low speed wind tunnel experiments are conducted on both aerofoils at chord
based Reynolds numbers 100,000, 200,000 and 300,000. Lift and pitching-moment
data were obtained from aerofoil surface pressure measurements, and drag data
were obtained from wake surveys. Both aerofoil manufacturing and wind tunnel
experiments were carried out in Queen Mary University of London (QMUL). The
experiment carried out in the NASA Langley LTPT [34] is usually regarded as
the benchmark to validate results of E387. This experiment has consequently
been selected as the reference to validate the experimental results of the original
aerofoil E387 from this chapter. The experimental results of the two aerofoils are
compared in order to analyse the differences in aerodynamic performance caused
by the presence of slope-of-curvature discontinuities.
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We also examine the mechanism behind the observed changes with both exper-
imental and numerical investigations. With proper experimental validations for
the computational turbulent model, Reynolds Averaged Navier-Stokes (RANS)
computations can be an efficient alternative to experimental testing [130, 131], in
terms of prediction of aerodynamic performance and visualisation of laminar sep-
aration bubbles. RANS computations are consequently applied to both aerofoils
at the same operating conditions as the experiments. The computational results
are compared with experimental results and are subsequently used to investigate
the mechanism behind the effects of surface curvature on the behaviour of the
boundary layer. It is anticipated that these measurements and comparisons will
deepen our knowledge of the effects of slope-of-curvature discontinuities on the
aerodynamic performance of low Reynolds number aerofoils. The experimental
results are subsequently used to compute the performance of a genuine 3 kW
small wind turbine and over a wind energy density modelled by a typical Weibull
distribution to estimate the resulting improvements in power generation.
5.2 Experimental Facility and Flow Quality
Wind tunnel measurements were conducted to compare the performance of the
original aerofoil E387 and the redesigned aerofoil A7 at Reynolds number 100000,
200000 and 300000. Static surface pressure measurements were performed to ob-
tain the pressure, lift and pitching-moment coefficients. Wake profile measure-
ments were performed to obtain the drag coefficients.
5.2.1 QMUL Number 2 Low Speed Wind Tunnel
This experimental study was conducted in QMUL No.2 subsonic wind tunnel
which is a closed-circuit type with a 5.6:1 contraction ratio. The test section
is 760 mm high, 1000 mm wide and 2330 mm long. An exchangeable section
was specifically designed for two dimensional aerodynamic performance testing
of aerofoil sections. The wind speeds in the test section are variable up to 40
m/s controlled by a 18.65 kW (25 Hp) AC motor and a five-bladed fan. The
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schematic drawing of the wind tunnel structure is presented in Figure 5.1. The
diffuser, working section and convergence parts of the wind tunnel are located on
the ground floor, and the rest of the tunnel sections are in the basement. During
the tests the flow came from the fan to the convergence part, through the working
section and diffuser, then returns to the motor region to air-cool the fan and is
recycled.
Figure 5.1: The schematic structure figure of the QMUL No.2 subsonic wind
tunnel
The tunnel is not adiabatic and the air holes on the tunnel help to keep the
effect of temperature increase minimal. Moreover, two thermistors were used to
measure the temperature differences between inside and outside of the tunnel at
the three tested Reynolds numbers. For each Reynolds number, the wind tunnel
was kept running for 40 minutes to ensure the environment inside is stabilised,
and the measurements were then taken. In all three cases the temperature was
stable after 40 minutes. This confirms that the temperature increase due to the
running motor that drives air flow in the tunnel has minimal effects on the air
density, resulting in a variation of less than 1.1% at all three tested Reynolds
numbers. These effects can be neglected in the experimental work in this thesis.
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5.2.2 Turbulent Intensity
The turbulence intensity in the test section was measured using a DANTEC
55P11 single hot wire with a DANTEC 55M01 constant-temperature anemometer
(CTA). The hot wire probe makes use of a 5 µm diameter and 1.25 mm long
plated tungsten wire. The probe was mounted in the tunnel centre with the
wire perpendicular to the tunnel floor in order to measure the axial turbulence
intensity. A PC equipped with a data acquisition card (NI BNC-2090) was used
to record the signal from the anemometer.
The hot wire probe was calibrated in the QMUL No.2 subsonic wind tunnel.
The tunnel speed was set using the total pressure and static pressure probes
inside the tunnel, and the corresponding output of the pitot tube was recorded.
The hot-wire usually responds according to King’s Law [132]:
E2 = XV n + Y (5.1)
where E is the voltage across the wire, V is the velocity of the flow normal to the
wire and X, Y and n are constants. Empirically n can be assumed as 0.45 [132].
The curve fit was generated in Figure 5.2. The curve fit was used to measure
Figure 5.2: The curve fit of the hot wire calibration
the fluctuating velocity with the hot wire probe. The errors between the time the
probe was calibrated and the time the measurements were made can be neglected
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Figure 5.3: The velocity fluctuations at Re = 100, 000 measured by the calibrated
hot wire
because the measurements are carried out immediately after the calibration. For
each Reynolds number, a total of 16,000 samples with a sample frequency of 2,000
Hz were used to calculate the turbulence intensity. The velocity fluctuations at
Re = 100, 000 are presented in Figure 5.3.
As shown in Table 5.1, the turbulence intensity is 0.4% to 0.6% depending on
the Reynolds number. Turbulence intensity decreases as the Reynolds number
increases. The low turbulence intensity is sufficient for aerodynamic performance
measurements for low Reynolds number aerofoils. Low turbulence intensity is
needed for the experimental study because the laminar boundary layer determines
the low Reynolds number aerofoil performance. High turbulence intensity needs
to be prevented as it causes premature laminar-turbulence transition which cound
confound the results. Continuous flow quality has also been tested and confirmed
in the experiment [133].
Table 5.1: Turbulence intensity at tunnel centerline in empty test section at
different Reynolds numbers
Reynolds number 100000 200000 300000
Turbulence Intensity (%) 0.61 0.46 0.43
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5.3 Aerofoil Models
5.3.1 Design and Manufacture
Each aerofoil model is mounted vertically in the wind tunnel. The model is com-
promised of three sections, the upper section, middle section and lower section.
The middle section was machined from aluminium alloy by a computer numerical
control (CNC) machine HAAS Mini Mill with a positioning accuracy of 0.0002
inch (0.005 mm). The length of the middle section is 200 mm. The upper
and lower sections were 3D printed using material ABS M30 by Stratasys Fortus
450mc with an achievable accuracy of 0.005 inch (0.127 mm) and they both have
a span length of 280 mm. Three studding rods are through all the sections and
fixed with the nuts at the end of the upper section.
Three 5 mm Dowel pins are used to connect two neighbouring sections. The
lower section of each aerofoil was fitted with a 30 cm diameter end-plate which is
embedded and rotatable in the bottom of the test section. One 8 mm dowel pin
was used to connect the upper section and the ceiling of the test section. It is an
interference fit between the dowel pin and upper section and a sliding fit between
the dowel pin and ceiling. In this way the angle of attack can be adjusted by
rotating the scaled end-plate embedded in the bottom of the test section. The
pitching axis of the aerofoil was located at the quarter-chord point which is a
common approximation for the location of the aerodynamic centre [34].
Figure 5.4: The schematic figure of the inside structure of the aerofoil middle
section
Both models have a chord length of 228.6 mm (9 inches) and a span of 760 mm.
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To deal with the “zero thickness” TE problem and provide structural integrity,
the TE of the aerofoil model E387 was circularly cut to keep the TE diameter
as 5 mm. The structure of the middle section is presented in Figure 5.4. To
maximally keep the surface curvature of the aerofoils the sane, all the pressure
tubing was routed under the surface, rather than routing the pressure tubing
through the grooves which are machined in the aerofoil surface and filled with
resin [34]. When routing all the pressure tubes under surface, it is a necessary
compromise to sacrifice some space for pressure tubing near TE (say at x/c > 0.9)
to provide sufficient structural strength without destroying the surface curvature.
Forty one pressure measurement orifices were drilled through the metal surface
of the middle part into the tubing. The axes of the orifices are perpendicular
to the tangential direction of local surface. The orifices were slightly staggered
spanwise to avoid interference with each other and each orifice had a diameter of
0.4 mm.
Figure 5.5: The schematic figure of the overall structure of the aerofoil section
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5.3.2 Surface Curvature Distributions of Manufactured
Aerofoils
The models were digitised using a QCT Quantum GL 6105 coordinate measuring
machine (CMM) to determine the actual aerofoil shape in order to determine
the accuracy of the manufactured models. 256 points were taken from each side
of the aerofoil. The measured spacing was proportional to the local curvature.
Proportionally more points were taken near the LE and TE than near the aero-
foil main body due to the large variations of the local curvature. All model
coordinates were measured near the middle of the model. The curvature distri-
butions calculated from measured model coordinates are presented in Figure 5.6.
High-precision manufacture preserved the original design. The main differences
between the designed and manufactured curvatures are near the LE and the TE.
The main body part of each aerofoil retains a smooth curvature distribution with
a small magnitude. In Figure 5.6(a), the unsmooth curvature distributions of
E387 at the connection part between the LE and the main body indicates that
the manufactured aerofoil model E387 successfully retains the slope-of-curvature
discontinuities in the original design. As described in Chapter 2, the curvature
distributions of A7 in Figure 5.6(b) removed the slope-of-curvature discontinu-
ities. The precision limit of aerofoil manufacture and coordinate measurement
introduced slight fluctuations to both curvature distributions. The manufactured
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Figure 5.6: Curvature distributions of both aerofoils calculated from the measured
coordinates of manufactured aerofoil sections (a) E387 (b) A7. The small figures
are magnifications of the circled parts of the graph
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5.4 Performance Data Measurement Techniques
5.4.1 Surface Pressure Measurements
The surface pressure distributions were obtained from 41 pressure orifices dis-
tributed over the surface of each aerofoil. Silicone tubes were used to connect the
surface pressure orifices through 1.5 mm copper inserts to the external Scanivalve
DSA3217 pressure transducers. The pressure transducer output signal was sam-
pled at 100 Hz for 10 seconds for each orifice. The instantaneous surface pressure
values were subsequently averaged to obtain the mean pressure at various orifice
positions for all angles of attack from zero to fourteen degrees. The static surface






where ps is the static pressure at the point at which pressure coefficient is be-
ing evaluated, p∞ is the pressure in freestream and q∞ is dynamic pressure in







where ρ∞ is the freestream air density and V∞ is the freestream wind velocity.
Subsequently Cp can be numerically integrated to obtain section lift coefficients:
Cl = Cncosα − Ctsinα (5.4)
where Cn is aerofoil normal-force coefficient and Cn = −
∫
Cpd(x/c), Ct is aerofoil
tangential-force coefficient and Ct =
∫
Cpd(y/c), and α is the angle of attack.
Here we use x and y as the aerofoil abscissa and ordinate respectively. Section




Cp(x/c − 0.25)d(x/c) +
∫
Cp(y/c)d(y/c) (5.5)
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5.4.2 Drag Force Measurement
Section profile drag is often obtained by the momentum method because the drag
force is usually much lower than the lift force [44]. In this study, section profile
drag coefficients were obtained from the total and static pressures of the wake of
the aerofoil models. The schematic diagram of the wake survey is presented in
Figure 5.7.
Figure 5.7: The schematic diagram of the wake survey by the momentum method
for the aerofoil drag measurement
The flow that passes over the aerofoil suffers momentum loss and this loss is





ρV (V∞ − V )da (5.6)
where b is the span length, ρ is the air density, V is the wake velocity at the
elemental area da in the plane that is perpendicular to the air flow, and V∞ is
freestream flow velocity. According to the aerodynamic definition, the aerofoil




ρV 20 cCd (5.7)
where c is the chord length and Cd is the drag coefficient. Considering Eq. 5.6
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V (V∞ − V )da (5.8)





dl where dl is a differential length perpendicular to the span direction of the






V (V∞ − V )dl (5.9)






Vi(V∞ − Vi)∆li (5.10)
The wake measurements were performed 300 mm (approximately 1.3 chord
lengths) behind the TE of the aerofoil to make sure that the wake static pressure
had recovered to the normal static pressure. Three total-pressure tubes spaced 50
mm apart were used to take the wake profile measurements over the 100 mm cen-
ter span of each model. The measured points were spaced 1 mm apart in the wake
deficit zone. Depending on the width of the wake profile, every probe performed
60 to 80 total-pressure measurements in each wake survey traverse. The wake
survey measurements were conducted until the appearance of the unsteadiness of
the wake (approximately 11◦ AoA).
5.5 Data Acquisition and Corrections
5.5.1 Data Acquisition
All the measured data were digitised by a NI 6040E analog-to-digital data ac-
quisition board. For low Reynolds number tests, all quantities including all the
pressure measurements, angle of attack, probe position, etc) were measured si-
multaneously to avoid the small time-dependent velocity fluctuations caused by
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the inertia of the fan drive system and the air. All the raw data were saved to a
PC for the following data analysis.
5.5.2 Air Density Corrections
Since certain Reynolds numbers rather than certain wind speeds are required
in this experiment, accurate calculation of air density ρ is extremely important
besides the determination of the wind speed and the dynamic viscosity of the air





where µ is the dynamic viscosity of the air which was calculated using the Suther-
land viscosity law [134] where local temperature is required, c is the chord length
of the aerofoil and V∞ is the wind speed which was calculated from the dynamic
pressure, of which air density is also a determinant.
The density of dry air is usually calculated from the ideal gas law. However the
relative humidity of the air in London was relatively high when the experiments
were conducted. The addition of water vapour to air remarkably reduces the
density of the air (up to 20%) and therefore is not neglected. Here we follow
Shelquist’s correction of air humidity [135]. The air is treated as a mixture of








where subscripts h, d and v denote humid air, dry air and water vapour respec-
tively, Rd and Rv are specific gas constants for dry air and water respectively.
The summation of pd and pv is local atmospheric pressure and pv can be expressed
as:
pv = φps (5.13)
where φ is relative humidity of the air, and ps is saturation vapour pressure which
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can be expressed as a function of local temperature [136]:
ps = 6.1078 × 10
7.5T
T+237.3 (5.14)
This method reduces the error in the density calculation to less than 0.2% within
the temperature range of −10◦C to 50◦C [135].
5.5.3 Two-Dimensional Wind Tunnel Boundary Correc-
tions
Standard low speed wall boundary corrections for two-dimensional wind tunnel
testing [137] have been applied to the experimental data. Compared to free air
conditions, the flow is confined in the test section due to the presence of the wind
tunnel walls. Hence the velocity of the flow in the vicinity of the aerofoil model is
increased by continuity and Bernoulli’s equation. This velocity increase is called
solid blockage. The solid blockage correction for two-dimensional wind tunnels is





where K is 0.52 for the aerofoil spanning the tunnel height in the current tunnel,
and S is the area of the tunnel test section. A good approximation for the aerofoil
model volume is:
MV = 0.7 · t · c · b (5.16)
where t, c and b are the maximum thickness, chord length and span length of the
aerofoil model respectively.
Wake blockage results from the flow velocity inside the wake of the aerofoil that
is lower than the freestream. It means that in a closed tunnel the flow velocity
outside the wake must be higher than the freestream velocity for a constant
mass flow rate according to the law of continuity. Higher flow velocity in the
main stream means lower pressure, putting the aerofoil into a pressure gradient
and resulting in a velocity increase at the position of the model. Maskell [138]
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suggested for the two-dimensional aerofoil case wake blockage is proportional to





where c is model chord length and h is tunnel height.
The physical constraints of the wind tunnel boundaries prevent the normal
curvature of the free air when the flow passes over the aerofoil model. In a closed
tunnel, the aerofoil appears to have more camber so the lift force, the pitching
moment about the quarter-chord point, and the angle of attack of the model are
overestimated. The streamline curvature corrections were therefore applied to
these parameters:
α′ = α +
57.3σ
2π
(Cl + 4Cm) (5.18)
C ′l = Cl(1 − σ − 2ε) (5.19)




where the variables with ′ are corrected data, and blockage ε is the summation






Unaffected by streamline curvature, the drag was corrected from the dynamic
pressure effect and the wake blockage which is proportional to the measured drag
coefficient:
C ′d = Cd(1 − 3εsb − 2εwb) (5.21)
No blockage corrections were applied to the pressure coefficient data. For the
current experiments, we applied all the pressure orifices near the centre of the
aerofoil model with a span-to-chord ratio of 4.5 to reduce the effects of the tunnel
sidewall boundary layer interference.
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5.6 Uncertainty Analysis
The method of Kline et al. [139] was applied to analyse the uncertainty. The
straightforward method carefully considered the uncertainty resulted from every
parameter in the used calculations. Mcghee et al. [34] found that the method
is more accurate than simple combinations of the errors from the computational
results.
As presented in section 5.4, the lift coefficient Cl is determined with the AoA α,
Cn and Ct. The normal and tangential force coefficients Cn and Ct are calculated
with the pressure coefficient Cp which is described in eq. 5.2. Cp involved variables
local static pressure ps, free-stream static pressure p∞ and free-stream dynamic
pressure q∞. But in real measurements, the pressure readings that are obtained
from the probes are actually gauge pressure pG. It is the difference of the local
pressure p and the total pressure in the freestream ptotal∞, i.e., p
G = p − ptotal∞.

















where ηpGs and ηpG∞ are determined by pressure transducers which have a full-scale
reading resolution of 0.01% and a reading accuracy of 0.4%. The accuracy of
probes was also taken into account. Therefore we can determine the uncertainty














where the uncertainty of each measurement position based on the chord length
η∆x
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The uncertainty ηc is determined by the CNC machine positioning accuracy 0.005
mm and η∆x is estimated at 0.2 mm by the drilling process. In a similar man-
ner the uncertainty of Ct, lift coefficient Cl and pitching-moment coefficient Cm
can be calculated. The highest uncertainty in the readings of the AoA due to
the ticks distribution in the end-plate is 0.1◦. Hence Overall uncertainty in the
lift and pitching-moment coefficient is estimated to be less than 1.1% and 0.5%
respectively.
The inaccuracy of drag coefficient Cd results mainly from the inaccuracy of the




















where C ′d can be denoted with the measured pressure readings resulting from
Bernoullis equation. With the measured gauge pressure this can be written as:









where the subscripts t and s respectively denote total and static pressure, and
the subscripts w and ∞ denote a measurement position in the wake and in the
free-stream respectively. Assuming that the wake measurement location is far
enough behind the aerofoil sections, the static pressure in the wake has returned
to the free-stream static pressure in the tunnel (psw = ps∞ = ps). It is essential
to assume the total pressure remains constant along every streamline due to the
assumption of no losses in the downstream flow outside the wake region. The
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is the measurement position in the wake normalized by the chord length
and its uncertainty can be calculated in a similar manner with eq. 5.25. The
highest uncertainty in the readings of the ∆l on the traverse is 0.25 mm. Note
that three tubes conducted the wake survey independently, so the uncertainty of









where i denotes three different tubes. Similar derivations can also be found in
Coleman & Steele’s and Guglielmo’s work[140, 141]. The total uncertainty in drag
coefficient varied from the tested Reynolds numbers. The highest uncertainty is
estimated as 2.2% at Re = 1× 105 and reduces to approximately 1.2% when the
Reynolds number reaches Re = 3 × 105. The uncertainty associated with the
measurement repeatability is estimated as 1.5%.
5.7 Results and Discussion
One of the straightforward ways to compare aerofoils’ performance is to compare
their lift, drag and pitching moment coefficients. In this section these three
coefficients of E387 and A7 obtained from QMUL experiments are compared to
show the improvements of the aerodynamic performance by removing slope-of-
curvature discontinuities at Reynolds numbers 1 × 105, 2 × 105 and 3 × 105, as
shown in Figure 5.8, 5.9 and 5.10.
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Figure 5.8: Lift coefficients versus angles of attack obtained from both aerofoils
of current experiments and the aerofoil E387 of NASA LTPT experiments [34].
Figures (a)(b)(c) are at Reynolds number 1×105, 2×105 and 3×105 respectively
5.7.1 Comparison with Results from NASA LTPT
For validation purpose the E387 results of the present experiments are compared
with results obtained on an E387 aerofoil in NASA LTPT [34] where the turbu-
lence intensity is no more than 0.2%. The lift and pitching moment results from
both presented experiments and LTPT tests were obtained from surface pressure
measurements and the drag results were both obtained using the wake survey
method. As shown in Figure 5.8, 5.9 and 5.10, the present experimental data
generally show good agreement with LTPT results. One of the discrepancies is
in the lift results in the high angle of attack range at all three tested Reynolds
numbers. The present experimental results of lift coefficients show lower values
compared to the LTPT data in the angle of attack range from 9◦ to 14◦. Mcghee
et al. explained that this phenomenon could be the flow interference effects be-
tween wind tunnel boundaries and the aerofoil model end plates [34] when they
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Figure 5.9: Drag coefficients versus angles of attack obtained from both aerofoils
of current experiments and the aerofoil E387 of NASA LTPT experiments [34].
Figures (a)(b)(c) are at Reynolds number 1×105, 2×105 and 3×105 respectively
compared LTPT data with the results from Delft university of technology [32]
and found a similar discrepancy of lift coefficients. Since both presented experi-
ments and LTPT used surface pressure measurements to obtain lift coefficients,
the difference is unlikely to result from flow interference effects as no balance was
applied in either experiment.
One possible reason for the difference in the lift performance is that the number
of surface pressure measurement positions in the present experiment is less than
in the LTPT experiment. This difference occurs mainly at the LE part because
there is not enough space to fit more tubing in the current experiment. As men-
tioned previously, all the copper pressure tubing was routed under the surface
to maximumly keep the original designed surface curvature distributions of the
aerofoils, while LTPT machined grooves in the aerofoil surface and routed all the
tubing through the grooves and filled with epoxy resin. In the LTPT tests, more
pressure tubing can be used in the aerofoil and hence more positions can be mea-
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Figure 5.10: Pitching moment coefficients versus angles of attack obtained from
both aerofoils of current experiments and the aerofoil E387 of NASA LTPT ex-
periments [34]. Figures (a)(b)(c) are at Reynolds number 1 × 105, 2 × 105 and
3 × 105 respectively
sured, but it is difficult to guarantee an exact match with the surface curvature
distribution of the original aerofoil design because curvature distributions are very
sensitive to the aerofoil profile even if the surface appears very smooth [40]. Since
the goal of this chapter is surface curvature effects, it is a necessary compromise
to balance the quantity of surface pressure measurement positions to maximally
keep the original designed surface curvature. In the presented experiment, the
same number and positions of pressure tubing are used with each aerofoil so that
the relative difference in the results of lift performance at high angle of attack
range between E387 and A7 can be accurately determined. The E387 drag data
obtained from the current experiment show good agreement with the LTPT re-
sults. At the higher angles of attack the presented QMUL experiment generally
shows slightly higher values of drag coefficients except 11◦ at Re = 3× 105. The
differences in the drag coefficients can be attributed to differences in turbulence
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intensity and surface curvature effects due to the reconstruction of the aerofoil
surface in the LTPT experiment.
5.7.2 Improvements in Aerodynamic Performance
At all three Reynolds numbers tested, aerodynamic performance improvements
due to continuous slope-of-curvature distributions are exhibited by an increase in
lift and a decrease in drag. At higher angles of attack the redesigned aerofoil A7
with a continuous distribution of slope-of-curvature presents an obvious increase
in lift coefficients and a remarkable decrease in the drag coefficients, while at
lower angles of attack aerofoil A7 shows lower values in drag coefficients and
exhibits similar lift coefficients. At 7◦ and 8◦ angles of attack the two aerofoils
have equivalent aerodynamic performance. Here Re = 1 × 105 is selected as an
example to analyse the reasons and mechanism causing these improvements in
the pressure coefficients distributions at typical angles of attack, as shown in
Figure 5.11 to 5.15.
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Figure 5.11: Pressure coefficients distributions at the angle of attack 0◦ and
Re = 1×105, obtained from both aerofoils in current experiments and the aerofoil
E387 in NASA LTPT experiments [34]
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Figure 5.12: Pressure coefficients distributions at the angle of attack 4◦ and
Re = 1×105, obtained from both aerofoils in current experiments and the aerofoil
E387 in NASA LTPT experiments [34]
At angles of attack 0◦ and 4◦, the aerofoil A7 with a continuous distribution
of slope-of-curvature presents two main differences in performance as compared
to the aerofoil E387. One is an increase in the pressure difference between the
suction and pressure sides from the LE to x/c = 0.3. The other is the decrease
in pressure difference at the back part of the aerofoil main body. The removal of
the slope-of-curvature discontinuities results in an increase in the pressure differ-
ence between the suction and pressure sides near the aerofoil nose part as shown
in Figure 5.6. As designed in Figure 2.3, Continuous distributions of slope-of-
curvature change the profile of the nose part by up to 0.4% in the suction side and
up to 0.14% in the pressure side based on the chord length, which makes the nose
part up to 0.2% thicker based on the chord length. These slight profile changes
which are caused by continuous distributions of slope-of-curvature directly in-
creases the pressure difference between the suction and pressure sides by up to
13% near the nose part and thereby increases the lift coefficients. However, this
lift increase does not present in Figure 5.8 (a) because of the reduction offset of
the pressure difference between the suction and pressure sides at the trailing part
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Figure 5.13: Pressure coefficients distributions at the angle of attack 7◦ and
Re = 1×105, obtained from both aerofoils in current experiments and the aerofoil
E387 in NASA LTPT experiments [34]
of the main body, at x/c = 0.85 in Figure 5.11 and x/c = 0.7 in Figure 5.12. The
decrease in pressure difference between the suction and pressure sides indicates
that the turbulent re-attachment on the suction side of aerofoil A7 occurs earlier
than aerofoil E387. While they have similar laminar separation positions, earlier
turbulent re-attachments result in a decrease in the length of laminar separation
bubble, leading to a decrease in aerofoil drag coefficients because the performance
of aerofoils is dominated by separation bubbles at low Reynolds numbers. Sim-
ilar situations can be observed at other low angles of attack. The continuous
distributions of slope-of-curvature reduce the sizes of laminar separation bubbles
in the low angle of attack range, resulting in lower drag coefficients while keeping
equivalent lift coefficients.
With the increase in the angle of attack at the same Reynolds number, the lam-
inar separation bubble moves towards the LE and decreases its bubble length.
The effects of surface curvature on reducing the bubble size thereupon becomes
less obvious. Figure 5.13 presents the comparison of pressure coefficient distri-
butions at 7◦. E387 and A7 have similar pressure coefficients distributions and
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Figure 5.14: Pressure coefficients distributions at the angle of attack 10◦ and
Re = 1×105, obtained from both aerofoils in current experiments and the aerofoil
E387 in NASA LTPT experiments [34]
hence similar lift and drag coefficients. The designed angle of attack of E387 aim-
ing for the maximum lift-to-drag ratio is approximately 7.5◦ and it makes sense
that the aerofoil E387 presents optimum performance at an angle of attack near
the design angle. As compared to the aerofoil E387, continuous distributions of
slope-of-curvature provide equivalent lift coefficients and drag coefficients to the
aerofoil A7 respectively at this attack angle.
At angles of attack of 10◦, the aerofoil A7 presents an increase in pressure dif-
ference between the suction and pressure sides at the aerofoil nose part as shown
in Figure 5.14. This indicates a larger size of laminar separation bubble com-
pared to the aerofoil E387. Horton [25] concluded that the growth and bursting
behavior of laminar separation bubble in incompressible flow can be summarized
as three stages. At a constant low Reynolds number, the bubble presents as a
relatively long bubble on the aerofoil suction side in the low angle of attack range
(Stage 1), and with increasing angle of attack it moves towards the LE region
and reduces the bubble size. When the angle of attack increases to a moderate
value, the bubble appears at the LE region as a “short bubble” (Stage 2). The
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Figure 5.15: Pressure coefficients distributions at the angle of attack 14◦ and
Re = 1×105, obtained from both aerofoils in current experiments and the aerofoil
E387 in NASA LTPT experiments [34]
bubble bursts at the maximum-lift angle of attack resulting in LE stall (Stage 3).
This explains the reason for the difference in bubble size near the LE part in the
current case indicated in Figure 5.14. The Cp results indicate that discontinuous
distributions of slope-of-curvature make the bubble on E387 move into Stage 2
prematurely, while the bubble on the aerofoil A7 with an improved curvature
distribution is still in Stage 1. Generally the drag force shows an increase from
Stage 1 to Stage 2 due to the more energetic turbulent boundary layer, and a
bursting increase from Stage 2 to Stage 3 due to the LE stall. The separation
bubble on the aerofoil A7 is caused only by the unavoidable adverse pressure
gradient and with no contribution from curvature discontinuity. Consequently
A7 has increased magnitudes of Cl (due to the higher value of pressure difference
between the suction and pressure sides of aerofoil pressure and suction sides)
and Cd performance (because the bubble is still at Stage 1), comparing to the
comparatively premature laminar separation on the aerofoil E387.
As presented in Figure 5.15, the aerofoil E387 experiences a sudden drop in
Cp distributions at the angle of attack of 14◦ and Re = 1 × 105, while the
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aerofoil A7 retains a normal distribution compared to lower angles of attack.
This phenomenon indicates that the separation bubble on the aerofoil E387 burst,
resulting in LE stall (Stage 3 as mentioned previously). The aerofoil A7 retains a
“short bubble” at the LE region as the bubble status is in Stage 2, which can also
be confirmed by the pitching moment distribution as shown in Figure 5.10 (a).
This accurately explains why the sudden drop in Cl distributions and the bursting
increase in Cd distributions occurs with the aerofoil E387 but not the aerofoil
A7 at 14◦. Thus continuous distributions of slope-of-curvature can increase the
stalling angle of attack. It is noticed that the stall behaviour of E387 at 14◦ in
NASA LTPT experiments [34] is more significant than in the present experiments
because more considerable pressure drop on suction side occurred in NASA LTPT
experiments. A possible reason for this phenomenon could be that the turbulence
intensity in the testing section of QMUL No.2 wind tunnel is slightly higher than
NASA LTPT. Studies show that significant delay of stall can be observed when
the TI was raised to 4% or more [142, 143, 144]. The slight higher turbulence
intensity in the present study may result in very mild delay of stall.
Generally the aerofoil performance in this Reynolds number is dominated by
the laminar separation bubbles. The aerofoil with continuous distributions of
slope-of-curvature has better control on the bubble sizes and hence better aero-
dynamic performance. Laminar separation bubbles on both aerofoils move to-
wards the LE with increasing angle of attack, but the bubble on the aerofoil with
continuous distributions of slope-of-curvature displays a slower “moving speed”.
5.7.3 Effects of Reynolds Number
The experiments were conducted at three Reynolds numbers. The effects of
surface slope-of-curvature on the aerofoils’ performance is dependent on angles
of attack and Reynolds numbers. Figure 5.16 illustrates the effects of Reynolds
number at 4◦ and 10◦ attack angles used as examples of lower and higher angles of
attack respectively. In Figure 5.16 (a), the pressure data indicate a contraction
of the laminar separation bubbles on both aerofoils at Reynolds number from
100000 to 300000. At AoA = 4◦ the surface curvature effects on the bubble
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size reduction are consistent at three Reynolds numbers. Correspondingly the
improvements of the drag coefficients at these Reynolds numbers are essentially
same at AoA = 4◦, as indicated in Figure 5.9.
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Figure 5.16: Effect of Reynolds number on chordwise pressure distributions. (a)
AoA = 4◦ (b) AoA = 10◦
At a higher angle of attack as shown in Figure 5.16 (b), the pressure data
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indicate that increasing the Reynolds number results in significant improvements
in the aerofoil performance due to the reduction in size of the separation bubbles
for each aerofoil. As analysed in the previous subsection, the improved curvature
distributions delay the progress of the separation bubble towards the LE, so
the bubble is in a different stage compared to the aerofoil E387 with its slope-of-
curvature discontinuities, resulting in better aerodynamic performance. However,
this improvement becomes less significant with increasing Reynolds numbers as
illustrated in Figure 5.16 (b). Correspondingly the improved Cd decreases from
more than 0.01 at Re = 1 × 105 to less than 0.007 at Re = 3 × 105, as shown
in Figure 5.9. Thus a higher Reynolds number moderates the effects of slope-of-
curvature discontinuities on the aerofoil performance at higher angles of attack.
5.8 Comparison between Experimental Results
and Numerical Simulations
In this section RANS computations are used to investigate the aerodynamic char-
acteristics of both aerofoil A7 and E387 under the same experimental operating
conditions.
In the case of E387, a structured C-grid with 250 nodes perpendicular to the
aerofoil surfaces and 400 to 500 nodes wrapped over each surface was applied to
both aerofoils. Due to the circular TE of A7, an O-domain with a diameter of 3
chord lengths was used in the C-grid to wrap the aerofoil. For different angles of
attack and Reynolds numbers, the separation bubble region was refined with a
minimum of 150 uniformly distributed points to capture the bubble characteristics
in detail.
In both cases, the mesh was refined with twice the resolution in the streamwise
and wall-normal directions from a coarse mesh, and it was determined to be an
independent mesh when lift and drag coefficients predictions showed negligible
difference from a finer mesh but significant difference from a coarser mesh. The
computational domain extends to 30 chord lengths in all directions for each aero-
foil, with a total number of approximately 300,000 grid cells and for all the angles
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Figure 5.17: Schematic figure of computational domain and the meshing of aero-
foil proximity for E387 and A7
of attack tested we keep y+ 6 1.0. The transition SST turbulence model, which is
based on the coupling of the k−ω SST transport equations with two other trans-
port equations in terms of the intermittency and momentum-thickness Reynolds
number respectively, together with commonly used Spalart-Allmaras (S-A) and
k−ε RNG models are tested to look for the most appropriate model for the current
computations at AOA ranging from 0◦ to 14◦. The Cl and Cd curves obtained
from different turbulence models are presented in Figure 5.18. The transition
SST model provided the best results among the three models, agreeing well the
experimental data. The k− ε RNG model underestimated Cl at the attack angles
below 8◦ and the predicting errors are within 10%. However, it overestimated
Cl values at AoAs higher than 8
◦ and the predicting errors are up to 30%. The
results of the S-A model agree well with the experimental data at lower AoAs
but overestimated Cl values more than 30% when the AoA is higher than 8
◦. In
the Cd predictions, the transition SST model also agreed better than other two
models. The S-A model provided slightly lower Cd predictions compared to the
experimental data and the k − ε RNG model provided even lower results than
the S-A model.
The computation inaccuracy of the turbulence models results mainly from
inaccurate predictions of the LSBs, as presented in Figure 5.19. At AoA = 4◦ the
transition SST model accurately captured the LSB at the mid-chord, while the
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Figure 5.18: Lift and drag coefficients of E387 obtained from different turbulence
models and their comparison with the QMUL experimental data at Re = 1.0×105
S-A model and the k − ε RNG model did not predict the presence of the LSB.
At AoA = 10◦ the leading edge separation bubble was captured at the position
x/c < 0.1 by the transition SST model. The S-A model predicted a very small
LSB at the aerofoil nose region at x/c = 0.02 and the k − ε RNG model did
not capture the LSB at all. Compared to the bubble size summarised in the
experimental report of Mcghee et al. [34], as described in Chapter 3, the bubble
sizes predicted by the transition SST model agree best among the three models,
and hence it offered the best predictions of the lift and drag performance as shown
in Figure 5.18. The LSBs dominated the aerofoil performance at low Reynolds
numbers, especially the drag performance. Therefore the Cd predictions of the
S-A model are lower than those of the transition SST model and the experimental
data (due to the underestimation of the bubble size), and the Cd predictions of
the k − ε RNG model is the lowest among the three models (due to its failure to
capture the LSB).
At AoA = 14◦ the transition SST model predicted a large separation zone
on the suction side of E387 although it still slightly overestimated the Cl value
compared to the experimental data. It means that the actual separation zone
in the experiments is larger than the current prediction. However, the S-A and
k − ε RNG models predicted smaller separation regions than the transition SST
model. The k − ε RNG model predicted that the separation region only exists
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Figure 5.19: The steamlines of E387 predicted by different turbulence models at
different angles of attack. The first, second and third row is respectively predicted
by the transition SST model, the Spalart-Allmaras model and the k − ε RNG
model
near the trailing edge area (0.6 < x/c < 1.0). The inaccuracy of turbulence sim-
ulation resulted in prediction error of the laminar-turbulent transition position,
underestimating the size of flow separation region as well as drag performance,
and overestimating the lift performance. Consequently the transition SST model
offered the best predictions among the turbulence models and it is selected as
the eddy viscosity model in this study. The performance of different turbulence
models is consistent with the results in Chapter 4, confirming that the transi-
tion SST model offers better predictions of aerofoil performance at low Reynolds
numbers due to the accurate prediction of the LSBs.
Figure 5.20 presents a comparison between the lift-drag coefficients’ polar
curves obtained from the current experiments and RANS computations for the
Reynolds number of 1 × 105. Generally a better agreement is found at angles of
attack lower than 8◦ while RANS computations overestimate the drag data at
higher angles of attack. The lift prediction errors of RANS are within 5% from
5 Experimental Investigation into the Effects of Surface Curvature
on Aerofoil Aerodynamic Performance 121
Figure 5.20: Comparison of lift-drag coefficients polar curves between RANS
results and present experimental work at Reynolds number 1 × 105. The angles
of attack of the experimental data range from 0◦ to 11◦
the experimental results, and the drag prediction errors are generally within 10%
except 10◦ and 11◦ attack angles, pointing to the sensitivity of drag computations
at higher angles of attack.
Detailed data of 4◦ and 10◦ attack angles are selected as typical results to
present in Figure 5.21 and Figure 5.22. The RANS results accurately predict the
increase of the pressure difference near the aerofoil nose part due to improved
curvature distributions in Figure 5.21 (a). The extent reduction of the laminar
separation bubble due to an early turbulent re-attachment can also be observed
from the RANS results, although in both cases RANS computations predict the
premature re-attachment positions. The appearance and extent of the laminar
separation bubbles on both aerofoils obtained from RANS computations are pre-
sented in Figure 5.21 (b). The computational results indicate that continuous
distributions of slope-of-curvature can control the bubble size by reducing both
length and height of the separation bubble.
The extent of the laminar separation bubble in Figure 5.21 (b) including lengths
and areas is presented specifically in Table 5.2. The separation streamline and the
aerofoil surface are used to bound the bubble. The bubble areas are calculated
by integrating the coordinates from the separation point to the re-attachment
point. The bubble length summarised in the experiment report [34] is acceptably
reproduced in this case. The table indicates a 10.5% bubble length decrease and a
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Figure 5.21: Comparisons of (a) surface pressure coefficients between RANS com-
putational results and current experiments (b) computational streamlines of lam-
inar separation bubbles. Both comparisons are between the aerofoil E387 and A7
at AoA = 4◦ for Reynolds number 1 × 105
16.5% bubble area decrease due to continuous distributions of slope-of-curvature
at AoA = 4◦ and Reynolds number 1 × 105.
Table 5.2: The laminar separation bubble extent from the RANS simulations and
the LTPT experiments [34] at AoA = 4◦ and Reynolds number 1 × 105
Bubble Length,[chord length] Bubble Area,[chord length2]
E387 LTPT E387 A7 E387 A7
0.38 0.359 0.321 0.00297 0.00248
Both experimental and numerical work have proved the effects of surface cur-
vature on the extent reduction of the laminar separation bubble at lower angles of
attack and at low Reynolds numbers. The reduction in the bubble size is caused
by the variation of the adverse pressure gradient due to the continuity of local
surface curvature and slope-of-curvature. Here the “local” does not describe the
position of the laminar separation bubble, but the whole surface curvature distri-
bution of the aerofoil. In the current case two critical positions where curvature
distributions are improved are the nose part (from LE to x/c = 0.3 approxi-
mately) and the TE circle of the aerofoil, resulting in an increase in the adverse
pressure gradient and hence a decrease in the bubble size.
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Figure 5.22(a) presents a comparison of Cp between current experimental data
and RANS results for both aerofoils. RANS results generally offer an acceptable
prediction although on the suction side of the aerofoil RANS cannot predict Cp
accurately at the nose part. On the suction side RANS computations also slightly
underestimate Cp at the main body part and slightly overestimate Cp near the TE
part. However, the length of laminar separation bubble is generally well predicted
and the streamlines are shown in Figure 5.22(b). RANS results are in accordance
with Horton’s theory [25] as the separation bubbles are in different stages due to
the differences in slope-of-curvature continuity between the two aerofoils.
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Figure 5.22: RANS computational results of (a) pressure coefficients and (b) skin
friction coefficients distributions of the aerofoil E387 and A7 at AOA = 10◦,
Reynolds number 1 × 105. The streamline figures in (b) are the streamline of
E387 (top) and A7 (bottom) for the current Reynolds number and AoA
The skin friction coefficients predictions in Figure 5.22(b) show at Re = 1×105
and AoA = 10◦, the continuous distributions of slope-of-curvature delayed the
position of turbulent TE separation by more than 10% for the redesigned aerofoil
A7. As soon as the flow separates near the TE, the separated region merges with
the wake and results in TE stall, causing lift loss and drag increase. Continuous
distributions of slope-of-curvature make the boundary layer flow attach to the
aerofoil surface for a longer surface distance and suppress the flow separation in
the TE, and consequently improve aerofoil performance.
RANS computation provides efficient and necessary supplements to experi-
mental testing however it does not presently offer an ideal modelling of laminar-
turbulent transition that is a critical phenomenon of low Reynolds number aero-
foil with a laminar separation bubble. More accurate and dependable numerical
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simulations (e.g. DNS and LES) are required to offer better predictions, yet the
computational cost has to be considered.
RANS computations generally match well with the experimental results and
provide the necessary supplements such as skin friction distributions and sep-
aration bubble visualisations to the experimental testings. Numerical results
further proved that for low Reynolds numbers continuous distributions of slope-
of-curvature suppress laminar separation bubbles and flow separation to reduce
drag performance and to increase the pressure difference between the suction
and pressure sides to increase lift performance, resulting in improved aerofoil
performance.
5.9 Estimation of Power Generation Improve-
ment
In this section, we select a 3 kW small wind turbine blade to demonstrate the
output energy improvement that results from replacing its aerofoil E387 with
A7. The wind turbine parameters are presented in Table 5.3 and the chord
length distribution of the blade is presented in Figure 5.23.
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Figure 5.23: Chord lengh distribution of the blade of the small wind turbine
The Blade Elements Momentum (BEM) method [145] is used to calculate the
power coefficient curve and the power curve on 26 blade sections, as presented in
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(a) (b)
Figure 5.24: Comparison of (a) power coefficients curve and (b) power curve of
the blade with the aerofoil E387 and A7
Figure 5.24. The detailed BEM for a HAWT will be presented in Appendix B.
All the aerodynamic parameters including lift and drag coefficients of the blade
sections (aerofoils) are interpolated from the experimental results of this study.
Figure 5.24(a) shows that the turbine blades made with the aerofoil A7 present
higher power coefficients at all tip speed ratios (TSRs). A 6% power coefficient
increase is obtained at TSR=4.5 when replacing aerofoil E387 with A7 for the
small wind turbine. The turbine blades made with the aerofoil A7 reaches a
slightly higher maximum power coefficient 0.465 at TSR=6. The power curve in
Figure 5.24(b) presents an increase of up to 10% increase when the wind speed
reaches the rated speed.
Annual energy production(AEP) [145] is also calculated in Table 5.4 to estimate
the overall improvement in power generation. Here the AEP means the energy
production in theory which does not consider uncertainty elements including but
not limited to air density reduction, control misalignment, fault and wakes loss.
In order to compute the AEP it is necessary to combine this production curve
with a probability density function for the wind. Typically the probability density












where Vmean is the mean velocity (5 m/s in this estimation). Thus the total AEP
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can be evaluated as:






(P (Vi+1) + P (Vi)) · f(Vi < V0 < Vi+1) (5.33)
where P (Vi) denotes the output power at wind speed Vi, and the probability
f(Vi < V0 < Vi+1) that the wind speed lies between Vi and Vi+1 is calculated as:












The results are presented in Table 5.4 which illustrates that the AEP of small
wind turbines can be increased by 1.62% by simply replacing existing blades
with aerofoils that have continuous curvature and slope-of-curvature distribu-
tions. Considering the cumulative installed capacity of small wind turbines, this
increase is considerably significant.
Table 5.4: Annual energy production of the wind turbine estimated with aerofoil
E387 and A7
With E387 With A7 Increasing AEP Increasing AEP Ratio
AEP (kWh) 5222.56 5307.26 84.7 1.62%
5.10 Summary
Wind tunnel experiments were conducted in QMUL subsonic wind tunnel to
investigate the effects of surface curvature on aerodynamic performance charac-
teristics of the aerofoil E387 and A7 at Reynolds numbers ranging from 100000
to 300000. RANS computations under the same operating conditions are used
as a supplement and comparison to the experiments. The experimental surface
pressure, lift, pitching moment and drag data was analysed for three different
Reynolds numbers. For all the Reynolds numbers studied, it was shown that con-
tinuous distributions of slope-of-curvature improved lift and drag performance at
angles of attack higher than 8◦ and decreased drag coefficients were observed at
angles of attack lower than 7◦. At approximately the design angle of attack of
5 Experimental Investigation into the Effects of Surface Curvature
on Aerofoil Aerodynamic Performance 127
the aerofoil E387, smooth curvature distributions resulted in equivalent aerody-
namic performance between the aerofoil E387 and A7. The impact of the aerofoil
surface curvature distribution on the aerodynamic performance is more profound
at higher angles of attack and lower Reynolds number.
At low Reynolds numbers the aerofoil performance is dominated by laminar
separation bubbles. The separation bubble sizes were deduced from the exper-
imental results of Cp distributions and visualised by RANS results. Both tech-
niques compared well against the available experimental data in the literature.
For the cases at relatively low angles of attack, the aerofoil surface curvature af-
fects the pressure difference between the suction and pressure sides of the aerofoil
and the extent of the laminar separation bubble which dominates aerofoil per-
formance. The bubble sizes were significantly reduced by removing the discon-
tinuities of slope-of-curvature, and the drag is consequently reduced. At higher
angles of attack for all cases, smooth curvature distributions delayed LE sep-
aration, laminar-turbulent transition and TE separation, resulting in improved
lift and drag performance. Through these mechanisms a higher stalling angle is
achieved due to the continuous distributions of slope-of-curvature. Besides the
experimental results, the numerical results also demonstrated that the skin fric-
tion is reduced and improved aerodynamic performance is achieved by improving
the curvature distributions of the aerofoil.
A 3 kW small wind turbine is used to estimate the output energy improvement
resulting from replacing its original aerofoil E387 with the aerofoil A7. The
estimated instantaneous output power increase is up to 10% and the annual
energy production increase is 1.62% which is of significance when considering the
cumulative installed capacity of small wind turbines. Continuous distributions of
slope-of-curvature resulted in higher aerodynamic efficiency and energy efficiency.
It has been experimentally and numerically shown that aerofoil surface cur-
vature and slope-of-curvature distributions have significant effects on the low
Reynolds number aerofoil performance by affecting the boundary layer behaviour.
Aerofoils with continuous curvature and slope-of-curvature distributions present
better control of the laminar separation bubbles and flow separation to reduce
drag performance, better aerofoil profile to increase the pressure difference be-
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tween the suction and pressure sides to increase lift performance, eventually lead-
ing to an improved aerofoil aerodynamic performance.
Chapter 6
The Effects of Slope-of-Curvature Discontinuities on the
Tonal Noise of the Aerofoil E387
6.1 Motivation
This chapter presents an examination of the results from anechoic wind tunnel
experimental work and Large Eddy Simulations (LES) simulations to investigate
the effects of slope-of-curvature discontinuities on the tonal noise and unsteady
aerodynamic performance of the aerofoil Eppler 387. Both the original aerofoil
E387 and the redesigned aerofoil A7 are manufactured with high precision in
Queen Mary University of London (QMUL) to reflect the design, and wind tun-
nel tests are conducted in Beijing University of Aeronautics and Astronautics
(BUAA).
The observed tonal noise differences are also investigated with LES, using the
in-house code CgLes to predict the aerofoils’ steady and unsteady performance.
LES is suitable for unsteady flow separation predictions, since it has greater pre-
dictive potential than Reynolds-averaged Navier-Stokes (RANS) methods and less
computational cost than direct numerical simulations (DNS) [146]. The compu-
tational power spectra within the boundary layer of each aerofoil are used to
investigate the unsteady vortex shedding performance, which is believed to re-
sult in the tonal noise difference between two aerofoils. It is argued that these
experimental measurements and numerical simulations deepen our knowledge of
129
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the effects of slope-of-curvature discontinuities on the aerofoil self-noise including
tonal noise.
6.2 Anechoic Wind Tunnel Test to Investigate
the Aerofoil Self-Noise Performance of E387
and A7
Anechoic wind tunnel measurements were performed to the original aerofoil E387
and the redesigned aerofoil A7 at chord-length based Reynolds number 100,000,
200,000 and 300,000 to investigate their aeroacoustic performance. The aerofoil
self-noise was measured at different angles of attack (AoAs) and different spatial
positions.
6.2.1 BUAA D5 Low Speed Anechoic Wind Tunnel
This experimental study was conducted in the D5 subsonic wind tunnel with a
7m × 6m × 6m (L×W×H) anechoic chamber. The BUAA D5 is a closed-circuit
type tunnel with a 9:1 contraction ratio. An open testing section is applied for
aeroacoustic measurement purpose, and the length of the open testing section
is 2.5 m. The cross-section size of the testing section is 1m × 1m (W×H). The
wind speed in the test section can be increased up to 100 m/s, driven by a 210
kW AC motor and a 16-bladed fan with a 2.26m diameter. A heat exchanger is
integrated in the power section to keep the temperature constant.
The schematic layout of the wind tunnel structure is presented in Figure 6.1.
The whole tunnel is located on the same floor. During the tests the flow orig-
inates from the power section and converges to the testing section. The flow
subsequently passes through the first diffusion section, returns to the power sec-
tion and recycles with new generated flow. The turbulence intensity that was
measured at the centerline of the open testing section is found to be lower than
0.1% for all tests described in this chapter.
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Figure 6.1: The schematic diagram of the BUAA D5 subsonic anechoic wind
tunnel structure
6.2.2 Aerofoil Models
Tests were separately conducted on two aerofoil models. The chord length and
span length of each model is 200 mm and 1000 mm respectively. The model
is composed of five 200 mm sections, and each section was manufactured from
ABS M30 using a 3D printing process with a Stratasys Fortus 450mc 3D printer.
This printer has an achievable accuracy of 0.127 mm (0.005 inch). The aerofoil
models were built with high precision.
Three studding rods are fixed through all five 200 mm sections with nuts at
the end of the top section. Three 5 mm Dowel pins are used to connect each pair
of neighbouring sections. Same as in Chapter 5, each aerofoil model is mounted
vertically in the wind tunnel. The bottom of the aerofoil model was fitted with
a 30 cm diameter end-plate which is embedded and rotatable in the lower side of
the square nozzle of the test section. One 8 mm dowel pin was used to connect
the model top and the upper side of the square nozzle. It is an interference fit
between the dowel pin and aerofoil top, and a sliding fit between the dowel pin
and the upper side of the square nozzle. In this way the angle of attack can
be adjusted by rotating the scaled end-plate embedded in the lower side of the
square nozzle. The pitching axis of the aerofoil was located at the quarter-chord
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point which is a common approximate location of the aerodynamic centre.
(a) (b)
Figure 6.2: Curvature distributions of the 3D printed aerofoils calculated from
the measured coordinates of manufactured aerofoil sections (a) E387 (b) A7. The
small figures are magnifications of the circled parts of the graph
No pressure measurement orifices are needed in the present aeroacoustic ex-
periments. Hence the trailing edge (TE) thickness of the aerofoil model E387 can
be manufactured to the lower limit of the Stratasys Fortus machine, no greater
than 0.13 mm. The designed surface curvature distributions of both aerofoils are
retained because no surface damaging actions such as drilling were applied to the
models. The models were digitised using a QCT Quantum GL 6105 coordinate
measuring machine (CMM) to determine the actual aerofoil shape in order to
determine the accuracy of the manufactured models. As previously described in
Chapter 5, the surface curvature distributions of both aerofoil are calculated from
the measured coordinates, as presented in Figure 6.2. The high-precision man-
ufacture preserved the slope-of-curvature discontinuities existing in the original
design which is presented in Figure 2.3. The main differences between the curva-
tures are near LE and TE. The main body part of each aerofoil keeps a smooth
curvature distribution with a small magnitude. In Figure 6.2(a), the unsmooth
curvature distributions of E387 at the connection part between the LE and the
main body indicates that the manufactured aerofoil model E387 successfully re-
tains the slope-of-curvature discontinuities in the original design. The curvature
distributions of A7 in Figure 6.2(b) show the removal of the slope-of-curvature
discontinuities. The precision limit of aerofoil manufacture and coordinate mea-
surement introduced slight fluctuations to both curvature distributions. The
difference between the designed and manufactured surface was measured to be
6 The Effects of Slope-of-Curvature Discontinuities on the Tonal
Noise of the Aerofoil E387 133
within 0.05% of the model chord length. Generally the two aerofoils reproduced
the design and met wind tunnel testing requirements.
6.2.3 Aerofoil Self-Noise Measurements and Data Acqui-
sition
Acoustic pressure fluctuation data were acquired using B&K Type 4939 1/4-inch
free-field microphones at different positions as shown in Figure 6.3. The positions
were localised by a Stanley TLM99 Laser Distance Measurer with a ±2 mm
accuracy. The microphones were individually calibrated with a standard sound
source B&K pistonphone Type 4228 which has a sound pressure level (SPL) of
124 ± 0.2 dB at 250 Hz calibration frequency.
Figure 6.3: The schematic diagram of microphone positions in the anechoic cham-
ber
Data acquisition and analysis was performed in a PC equipped with a data
acquisition card NI PXI-4496 and was based on the commercial software LabView.
The sampling frequency in the experiments is 16384 Hz, and the sampling time
is 10 seconds.
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No microphone directivity corrections were applied due to the negligible effect
in the measurements (less than 1 dB for 45◦ offtrack [147]) and the effect is same
for both aerofoils. As described in last Chapter, relative humidity in air has a
measurable effect on the air density, so we used the same Shelquist’s correction of
air humidity [135] to correct air density in this chapter. However, the humidity
in Beijing was less than 8% during the experiments, meaning it was close to the
ideal dry air and the effects on the sound speed can be neglected [148]. Therefore
no humidity corrections were made to the sound speed.
The SPL is made on a logarithmic scale due to the wide range of the sound,





where Lp denotes SPL, p denotes the measured sound pressure fluctuations and
p0 denotes the reference sound pressure in air which commonly refers to the
threshold of hearing: 2 × 10−5 Pa.
6.2.4 Effects of Angles of Attack
(a) (b)
Figure 6.4: Acoustic noise spectra (integrated over 16 Hz bandwidth width) of
the aerofoil (a) E387 and (b) A7 at AoA = 2◦, 4◦ and 6◦ at Re = 105. The results
are obtained at position 1 in Figure 6.3
At Re = 105 the broadband acoustic noise spectra of the noise levels for the
aerofoil E387 and A7 at AoA = 2◦, 4◦ and 6◦ are presented in Figure 6.4. Three
6 The Effects of Slope-of-Curvature Discontinuities on the Tonal
Noise of the Aerofoil E387 135
tonal noise peaks are observed for each aerofoil. The primary tonal noise of E387
is found at 192 Hz and the SPL of the tone decreases as the AoA increases. At
AoA = 2◦ the SPL of the dominant tone of the aerofoil E387 is 45 dB and it
reduces to 38 dB when the AoA decreases to 4◦, while at AoA = 6◦ the tonal
noise peak is not observed at 192 Hz frequency. The primary tonal noise of A7
is observed at the frequency 176 Hz which is slightly lower than the dominant
tone frequency on E387. For the aerofoil A7 the SPL of the dominant tone is
found to be 41 dB at AoA = 2◦ which is approximately 10% lower than that on
E387. At AoA = 4◦ the primary tone on A7 becomes very weak and it presents
as a narrowband noise in the vicinity of 176 Hz frequency. Similar to E387, the
aerofoil A7 does not present tonal noise peak at AoA = 6◦.
However, for both aerofoils the tonal peaks at 896 Hz and 1696 Hz barely vary
with the different AoAs. It is suspected that these two peaks can be resulted from
the background noise of testing section. For measuring purpose the testing section
is an open type, hence the flow background noise is unavoidable when the flow
is collected into the first diffusion section, as shown in Figure 6.1. We measured
the background noise with no aerofoil mounted in the testing section in order to
compare with the current results and to identify the source of the two tonal peaks
at 896 Hz and 1696 Hz. It must be noted that the empty tunnel noise spectra are
not a absolutely true indication of the background noise with an aerofoil installed,
because the blockage that resulted from the aerofoil model causes the fan of the
wind tunnel to operate at a higher rotation speed. Nevertheless the noise spectra
of the empty tunnel can clearly presents the broadband noise generated by the
background noise, as shown in Figure 6.5.
Figure 6.5 also compared the SPL measured in two measurement positions. In
Figure 6.5 (a), closer measuring position results in greater calculated SPL as well
as sharper tones compared to Figure 6.5 (b). In both subfigures the tonal noise
peaks at 896 Hz and 1696 Hz of the three acoustic noise spectra nearly overlap,
indicating that these two tones actually result from the background noise, rather
than from the aerofoils. Yet the primary tone of E387 and A7 at 192 Hz and
176 Hz respectively presents distinct differences from the acoustic noise spectra
of the background noise, and a secondary tone at 416 Hz for each aerofoil, which
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(a) (b)
Figure 6.5: Acoustic noise spectra (integrated over 16 Hz bandwidth width) of
the both aerofoils and the empty tunnel at AoA = 4◦ and Re = 105. The results
are measured at (a) position 1 and (b) position 2 in Figure 6.3. BG denotes the
background noise of the empty tunnel
acts as a higher harmonic, is detected with the reference of the background noise.
Hence these tones are considered as the aerofoils’ self-noise tones in the current
experimental work.
The broadband acoustic noise spectra in the 16 Hz bandwidth can clearly
present the peaks in the frequency field. It can also clearly show the SPL distri-
bution in the high frequency range because low frequency resolution introduces
fewer SPL fluctuations, particularly when the frequency is greater than 1000 Hz.
However, there are two disadvantages of the spectra of low frequency resolution
which make the narrowband acoustic noise spectra necessary for the current case.
One is that small peaks of the spectra can be neglected. The other is that the
precision of the predicted frequency of the detected tones is low, so the corre-
sponding frequency of the SPL peaks can be inaccurate due to the low frequency
resolution. The inaccuracy usually presents as a small frequency offset depending
on the bandwidth.
Corresponding to Figure 6.4, the narrowband acoustic noise spectra in the 1
Hz bandwidth is presented in Figure 6.6. Figure 6.6 (a) shows that the primary
tonal frequencies of E387 at AoA = 2◦ and AoA = 4◦ are 194 Hz and 182 Hz
respectively, with an offset of +2 Hz and −10 Hz compared to the acoustic noise
spectra in the 16 Hz bandwidth. The primary tone found at AoA = 2◦ has the
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(a) (b)
Figure 6.6: Acoustic noise spectra (integrated over 1 Hz bandwidth) of the aero-
foil (a) E387 and (b) A7 at AoA = 2◦, 4◦ and 6◦ at Re = 105. The results are
obtained at position 1 in Figure 6.3
greatest SPL magnitude compared to the other two attack angles, and the SPL
is greater than 50 dB. A secondary tone is observed at 398 Hz which appears
as a higher harmonic. As the AoA increases to 4◦, the SPL of the primary tone
decreases by 6 dB and the frequency of the primary tone decreases by 8 Hz. No
tonal noise was detected at AoA = 6◦ which is consistent with the acoustic noise
spectra observed with the 16 Hz bandwidth.
Figure 6.6 (b) shows that the primary tonal frequencies of A7 in AoA = 2◦
and AoA = 4◦ are 158 Hz and 146 Hz respectively, with an offset of −16 Hz
and −30 Hz compared to the acoustic noise spectra observed with the 16 Hz
bandwidth, which further confirmed the necessity of using the spectra of high
frequency resolution. As previously described in the drawbacks of the low fre-
quency resolution, The primary tone on A7 at AoA = 4◦ can be easily ignored
with the low frequency resolution (Figure 6.4 (b)), but is clearly observed with
the high frequency resolution (Figure 6.6 (b)) due to the small bandwidth. The
primary tone on A7 is, however, less significant than the dominant tone pro-
duced by E387 (Figure 6.6 (a)) in terms of amplitude. The primary tone found
at AoA = 2◦ has the greatest SPL magnitude among three angles of attack, and
the SPL is 45 dB. As the AoA increases to 4◦, the SPL of the primary tone
decreases by 5 dB and the frequency of the primary tone decreases by 8 Hz.
Consistent with the acoustic noise spectra in 16 Hz bandwidth, no tonal noise
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was detected at AoA = 6◦.
The differences between the dominant tone frequency of E387 and A7 are both
36 Hz at AoA = 2◦ and 4◦. The offset of the dominant tone frequency between
these two aerofoils could be caused by the difference in the geometry of the trailing
edge. In the research of Ramirez and Wolf [149], an aerofoil shape was tested
with four different TE bluntness, and it was found that thicker bluntness of the
TE can result in a lower dominant tone frequency. This explains the presented
offset of the dominant tone frequency between these two aerofoils E387 and A7.
The TE thickness of E387 is determined by the manufacturing precision because
ideally the TE tapers towards zero thickness. At least one deposition layer is
required for adequate structure strength so the manufactured TE thickness of
E387 is 0.127 mm. The designed TE radius of aerofoil A7 is 0.00105 chord
length, leading to a manufactured TE thickness of 0.48 mm, which is almost 4
times the manufactured TE thickness of E387.
At Re = 105, the aerofoil A7 presents lower SPL of the primary tonal noise
comapred to E387 at AoA = 2◦ and 4◦, and the SPL magnitude is decreased
by 7 dB and 5 dB respectively. These reductions are believed to result from
the removal of the slope-of-curvature discontinuities because the two aerofoils
were manufactured with the same machine and they were tested in exactly same
operating conditions. To investigate the mechanism of the reduction in domi-
nant tonal noise, it is essential to understand the generation of the tonal noise.
Although there are several different proposed mechanisms [74, 75, 76, 77, 78]
regarding the generation of tonal noise, it is agreed that a necessary condition for
acoustic tones is that the LSB is adequately close to the TE of the aerofoil, i.e.,
the position of laminar-turbulent transition must be sufficiently downstream so
the large scales in the flow can be presented near the TE. This necessary condition
has been used in the hypothesis of Jones et al. [150] on the feedback loop that
can promote tonal noise in turbulent flows. In the experimental work in Chap-
ter 5, it was observed that the size of the LSB on aerofoil A7 is smaller and the
position is more upstream compared to the bubble on E387 at 4◦ and Re = 105.
This correlates with the lower SPL of the primary tonal noise according to the
necessary condition for acoustic tones. The process will be explained in detail
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with the LES results later in this chapter, and it is similar to the LSB variation
when increasing the AoA of an aerofoil at the current Reynolds number. As the
AoA increases at a constant Reynolds number, the LSB contracts and moves
upstream as indicated in Chapter 5, while the SPL of the primary tonal noise
gets weaker as shown in Figure 6.4 and Figure 6.6. These observations provide
strong evidence for a causal relationship between the LSB position and the SPL
of the primary tone, as hypothesised by Nash et al. [77]. The removal of the
slope-of-curvature discontinuities on aerofoil E387 leads a smaller size of LSB to
be more upstream, hence the aerofoil tonal noise is reduced.
Hence the SPL spectra provided by the lower frequency resolution in Figure 6.4
is the preferred indicator if the broadband acoustic noise spectra are analysed
globally without introducing unnecessary numerical noise, while the SPL acoustic
noise spectra provided by the higher frequency resolution in Figure 6.6 is preferred
if the narrowband acoustic noise spectra with particular details of tonal noise
peaks are required to be analysed.
6.2.5 Effects of Reynolds Number
The broadband acoustic noise spectra for the aerofoil E387 and A7 at AoA = 4◦
and Re = 1 × 105, 2 × 105 and 3 × 105 are presented in Figure 6.7. The low
frequency resolution (16 Hz band width) is used because a broadband spectra
is required to investigate the variation in the global trend when increasing the
Reynolds number, and unnecessary numerical noise needs to be avoided to clearly
identify the variation in tonal frequency.
The SPL increases with Reynolds number, and the magnitude increases by
approximately 10 dB when the Reynolds number increases by 105. The primary
tonal frequency at Re = 1 × 105 is no longer dominant at Re = 2 × 105 or more.
When increasing the Reynolds number, the secondary tone at Re = 1×105 which
was observed at 416 Hz in Figure 6.5 promotes to be the primary tonal frequency
at Re = 2 × 105 and this primary tone becomes weaker at Re = 3 × 105. The
phenomenon is a typical “Ladder-Structure” described in the study by Paterson
et al. [74]. It indicates that at Re = 2 × 105 and 3 × 105, as the flow velocity
6 The Effects of Slope-of-Curvature Discontinuities on the Tonal
Noise of the Aerofoil E387 140
Figure 6.7: Broadband acoustic noise spectra (integrated over 16 Hz band width)
of the noise levels for the aerofoil E387 and A7 at different Reynolds numbers.
The AoA = 4◦ and Re = 105. The results are obtained at position 1 in Figure 6.3
is increased, the dominant tonal frequency is observed to follow a curve that
approximates a U0.8 dependence where U is the freestream velocity, while at
Re = 1× 105 the dominant tonal frequency jumps to another parallel curve with
the same U0.8 dependence according to Paterson et al. [74]. At all three Reynolds
numbers the aerofoil A7 shows reduced SPL of the primary tonal noise.
6.3 Flow Simulation Methodology
An in-house Large Eddy Simulation code named CgLes [151, 146] is used to sim-
ulate the aerofoil flow field and to investigate the reason that resulted in reduced
SPL of the primary tonal noise. The code is based on the finite volume method
and combined with the Immersed Boundary (IB) method to simulate the body
force of the aerofoil. In this chapter we use the code CgLes to solve Navier-Stokes
equations for incompressible Newtonian flow on a Cartesian grid to simulate the
flowfield of an aerofoil section. Currently three-dimensional DNS is too computa-
tionally expensive because it is supposed to solve the Navier-Stokes equations by
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resolving adequate time and length scales. In LES, a filtering operation is used
to comprise the huge computational cost. Turbulence contains a broad range of
scales which cause unsteadiness in the flowfield. Large scales contain most of the
turbulent energy while small scales are responsible for turbulent energy dissipa-
tion. The LES filter keeps the large scales in turbulence and removes the scales
that is smaller than the cut-off filter width of the filter. In CgLes the small scales
are modeled by a subgrid-scale (SGS) model while the large scales are resolved.
6.3.1 Governing Equations
Small wind turbines usually operate at low Reynolds numbers, and the corre-
sponding flow can be considered as incompressible viscous flow. For incompress-




where u is the flow velocity and x is the spatial coordinate. The subscript i
ranging from 1 to 3 is the form of Einstein’s notation, denoting three dimensions.














where p is the pressure, t is time, ρ is the flow density and ν is kinematic viscosity
and can be calculated from ν = µ/ρ where µ is dynamic viscosity. The overline
in the above equation denotes the grid-filtering operator. Rewrite uiuj = ūiūj +
(uiuj − ūiūj) and let:
τij = uiuj − ūiūj, (6.4)

















where τij is denoted as SGS stress tensor. τij is used to take the unresolved small
scales into consideration by using a SGS model in the simulation and it can be
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expressed as:
















Similar to scaling the flow parameters in wind tunnel experiments, scaling the
parameter dimensions in Navier-Stokes equations can offer more profound under-
standing of the studied case, in addition to decrease the parameter numbers in the
equations. The non-dimensionalization in CgLes used the following parameters:












where the superscript ∗ denotes a dimensionless parameter, (x, y, z) and (u, v, w)
respectively denotes three dimensional components of spatial coordinates and ve-
locity, L is characteristic length, p is pressure and U∞ is free-stream flow velocity.
The above equations lead to a fully non-dimensional momentum equation with a

















where Re∗ is the non-dimensional Reynolds number Re∗ = L · U∞/ν. The kine-
matic viscosity is non-dimensionalized in CgLes as the reciprocal of the non-
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In this way, as long as the reference velocity and characteristic length are selected,
the non-dimensional Reynolds number and non-dimensional kinematic viscosity
are determined. Dimensionless variableds can be determined from Eq. 6.8, 6.9
and 6.10.
6.3.3 Time Marching Scheme
Unsteady simulations need the instantaneous solution to be marched forward to
progress from an initial state in the flowfield. In the current simulations described
in this chapter a third order explicit Runge-Kutta time stepping method based
on Heun’s method [152] is used. As a typical explicit time stepping method,
the Runge-Kutta scheme is efficient and accurate. It divides one time step into
several sub-steps (also known as multi-stages [153]) to increase the iterative ac-
curacy. Moreover, Runge-Kutta scheme has been shown to be more stable and
less memory-intensive than higher order marching schemes [154]. The velocity of











































where the stage weighting coefficients a1 =
1
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i are two intermediate steps and u
′
i is the
derivative of the velocity ui.
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The projection method is used to solve pressure every time step in the code
CgLes. Generally two steps are taken to solve the Navier-Stokes equations. In
step 1, an intermediate velocity is determined from the velocity at time step n













In step 2, the pressure gradient at time step n + 1 is related to the difference







It is not difficult to find that the unknown velocity at time step n+1 and pressure
at time step n can not be determined by Eq. 6.15 only. To determine the pressure,






















O · u∗i , (6.18)
which is the Poisson’s equation [155]. The pressure at time step n + 1 can
now be obtained by solving Eq. 6.18 using the biconjugate gradient stabilised
method [156]. Consequently step 2 can be performed to obtain the velocity field
at time step n + 1 by solving Eq. 6.15.
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6.3.4 Immersed Boundary Method
Two grid construction methods are commonly used in CFD meshing: boundary
conforming and non-boundary conforming, as shown in Figure 6.8. The bound-
ary conforming method can effectively capture the boundary layer characteristics,
hence the RANS computations we studied in Chapter 4 and 5 are based on the
conformal mesh. However, the boundary conforming method performs poorly in
the simulations involving geometries with significant curvature variations (e.g.,
the circular trail edge part of an aerofoil), objects with large deformations, or
flowfields with moving boundaries. Generally the required quality of the con-
formal mesh for a LES simulation needs to be much better than for a RANS
computation, in order to accurately simulate the coherent structures and charac-
teristics of the flows. A high-quality orthogonal conformal mesh, which is one of
the dominant factors to perform an accurate simulation, requires vast quantities
of time to be generated.
(a) (b)
Figure 6.8: A boundary conforming grid (a) and a non-boundary conforming grid
(b) around a circular geometry
In the non-boundary conforming meshing method, the boundary condition of
the simulated geometry is usually achieved by proper handling of variables around
the boundary. The position of the simulated geometry and the corresponding
boundary conditions are considered as constraints which are imposed in the gov-
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erning equations [157]. Therefore the simulation does not strictly require the
mesh to be conformal to the geometry, and in non-boundary conforming method
Cartesian grids can be adopted to reduce the difficulty and computational cost
of generating the mesh, significantly improving the computation efficiency. The
Immersed Boundary (IB) method is a typical non-boundary conforming meshing
method. It was proposed by Peskin [158] to simulate fluid-solid interactions in
the blood flow in cardiac systems, because blood vessels (the solid boundaries)
are with high elasticity. In IB method fixed Cartesian grids and unfixed IB points
are usually used to respectively represent the flowfield and the boundary of the
immersed object. In CgLes, the IB method is used to transfer flowfield informa-
tion between the Cartesian grids and the aerofoil geometry which is constructed
by IB points in the simulation.
The simulation is performed on Cartesian grids and the immersed boundary
(the simulated aerofoil surface) is considered as a body force term fIB adding to










and Eq. 6.15 can be written with the body force term fIB and Eq. 6.14:
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where O· denotes the divergence.
An interpolation function I(φ) and a distribution function D(Φ) are introduced
to describe the interaction of flowfield information between the Cartesian grids
and the IB points. I(φ) is a function that interpolate the fluid variables (e.g.,
velocity, pressure, etc.) from grid nodes to IB points. The function D(Φ) does
the inverse function of I(φ), distributing the fluid variables back to the Cartesian
grids.For incompressible viscous fluid, the desired velocity on IB points V n+1
can be expressed by the interpolated velocity on IB points Un+1. Substituting
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Eq. 6.20 to Un+1, we have:
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Here we introduce FIB = I(fIB) to represent the interpolated body force on IB
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Unlike the conformal mesh, the IB method requires substantial grid points but
it does not necessarily means a great increase in computational time, because con-
siderable amounts of the grid points are actually inside the immersed boundary
and they should not be considered as a part of the flowfield.
6.3.5 Mixed Time Scale Subgrid-Scale Model
A Subgrid-Scale (SGS) model is required in LES to model the filtered small scales.
In the current simulations a Mixed Time Scale (MTS) SGS model [159] is used
because it provides an accurate prediction of the turbulent boundary layer when
it used with sufficient grid resolution. Inagaki et al. [159] suggested that the SGS
eddy viscosity νt can be expressed as:
νt ∝ (Velocity Scale) × (Length Scale), (6.25)
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which is presented in the Smagorinsky model:
νt = (Cs∆f)
2|S| = Csf2 · ∆|S| ·∆, (6.26)
where Cs is the mesh scale constant which is typically between 0.1 and 0.2,
the effective spacing ∆ = (dxdydz)1/3 and f denotes a wall damping function
that is necessary for the model. In the above equation, |S| = (2Sij Sij)1/2, and
the term Sij is from Eq. 6.7. The Smagorinsky model follows the expression
of Eq. 6.25 where ∆|S| and ∆ denote the velocity scale and the length scale
repectively. Inagaki et al. [159] pointed out that in the Smagorinsky model,
different flowfield conditions require different values for the model parameters,
and the model have effects in laminar flow region where the effects of SGS are
supposed to vanish. They suggested another expression for the SGS eddy viscosity
νt so no wall damping function is needed:
νt ∝ (Velocity Scale)2 × (Time Scale), (6.27)
and they proposed a MTS model:
νt = CMTSkesTS, (6.28)
where CMTS is the model parameter and is set to 0.05,
√
kes is the velocity scale
and TS is the time scale as expressed in Eq. 6.27. kes denotes the estimated SGS
turbulent energy, which can be obtained by filtering a velocity field:
kes = (ui − ûi)2, (6.29)
where ûi is the velocity filtered by the Simpson rule [160]. In the region of
laminar flow, the above method can ensure the value of kes approach to zero
which makes the estimated SGS turbulent energy νt approximately equal to zero,
guaranteeing no SGS effects in the region. The time scale TS can be determined
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where another model parameter CT is set to 10. Unlike the Smagorinsky model,
the MTS model does not require a wall damping function because the velocity
scale close to zero and the time scale is guaranteed to have smaller scales in near
wall region. Inagaki et al. [159] also suggested that the MTS model is a suitable
approach to accurately predict the pressure fluctuations on the aerofoil surface
at Re = 104 ∼ 105 and it can be easily applied to the simulations with complex
geometries.
6.3.6 Flow Field Description and Boundary Conditions
A ”wind-tunnel testing section” domain is used as the computational flow field
as presented in Figure 6.9. The inlet and outlet boundary conditions are the
same as with the RANS computations described in Section 4.2.2, with velocity
inlet and pressure outlet boundary conditions. A constant velocity value is set
at the inlet boundary and a zero gradient of the velocity is applied at the outlet
boundary.
Figure 6.9: The schematic description of the computational domain and the
boundary conditions
The boundaries of the top and the bottom of the computational domain are
defined as free-slip walls. The velocity gradient is set to zero at these two walls,
in order to provide no stress on the boundary. The free-slip boundary condition
is applied because the effects of friction on the top and bottom of the domain
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can be neglected. The surface of the aerofoil is defined as a no-slip wall, i.e., the
tangential vector of the flow velocity at the aerofoil surface is defined to be the
wall velocity, and the velocity normal to the aerofoil surface is fixed at zero. A
periodic boundary condition is applied to both the spanwise walls. This allows us
to treat the aerofoil section as an ’infinite’ spanwise long model with a repeated
pattern. The variables on the next cell, moving spanwise through the periodic
boundary are set to the value of those variables on the first cell. For example,
there are n spanwise cells on the aerofoil section, and to satisfy the periodic
boundary condition, we have:
Varn+1 = Var1 (6.31)
where Var is the variable that needs to be interacted in the simulation, e.g.,
velocity, pressure, etc. The grid points distributions in streamwise and cross-flow
directions and the resultant computational domain are shown in Figure 6.10.
Refined uniform grids in the cross-flow direction are applied to the vicinity of
the aerofoil, leading to y+ < 1.3. Stretching grids are applied to the domain
apart from the aerofoil proximity and the stretching ratio does not exceed 1.03
between neighbouring grid cells. The grid points in the spanwise direction are
uniformly distributed, and the corresponding z+ = 12. The streamwise grids in
the proximity of the aerofoil were originally uniform and they are reconstructed
to provide accurate predictions for the TE and LE regions of the aerofoil.
6.3.7 Streamwise Grid Reconstruction in the Proximity
of the Aerofoils
In previous studies of CgLes [161], a uniform mesh was applied to the aerofoil
proximity for higher simulation accuracy. It was found that the predictions of
lift and drag force became inaccurate as the AoA increased. This is because the
uniform mesh in the aerofoil vicinity can not accurately capture the flow field
characteristics, especially at the LE and TE regions where the curvature vari-
ations are very large compared to those in the main body region. To precisely
simulate the LE and TE regions, the local mesh has to be refined properly. How-
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(a)
(b)
Figure 6.10: A spanwise cross-sectional view of the computational domain: (a)
the domain size diagram and grid points distributions in streamwise and cross-
flow direction, (b) the grid distribution in the computational domain
ever, when using a uniform refinement, the refined grids of the LE and TE region
will cause the meshes in other regions to be over-refined. In other words, if one
is using a uniform mesh in the proximity of the whole aerofoil, the appropriate
mesh scale for the main body region is not suitable for the LE and TE region,
but refining the mesh globally will significantly and unnecessarily increase the
computational cost of the whole domain.
To overcome this known drawback, the streamwise grids in the proximity of
the aerofoil are reconstructed based on the uniform mesh. The streamwise grids
in the LE region (0 6 x/c 6 0.02) are refined by three times and the grids
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outside the LE region are stretched until the streamwise grid length return to
the uniform size. The same refinement is also used for TE region. Between
neighbouring grid cells, the increase ratio of the grid length remains lower than
1.03. The conventional y+, which was described in Section 4.2.1, needs to be
considered along with x+ in Cartesian grids, especially for the LE and TE region,
due to the fact that the Cartesian grids are not conforming to the aerofoil surface.
This is similar to the study of Eisenbach et al. [162] who used d+ to verify that
the grid points are close enough to aerofoil surface. In this way we refine the
streamwise computational mesh in the proximity of the aerofoil, ensuring x+ < 2
for the nose region in the leading edge. It has to be noted that the real x+ and
y+ for the aerofoil model are smaller than the estimations based on the Cartesian
grids because the IB points (aerofoil) are usually inside the grid cells.
The reconstructed stretched mesh of the aerofoil A7 at the AoA of = 14◦ and
Re = 105 is compared with the previous uniform mesh in the proximity of the
aerofoil, as presented in Figure 6.11. With the new stretched mesh the LE region
mesh is refined while the main body region remains adequate mesh resolution.
(a) (b)
Figure 6.11: Comparison between (a) the original uniform mesh and (b) recon-
structed stretched mesh in the proximity of the aerofoil A7 at AoA= 14◦. The
grids are intentionally coarsened to present the different grid constructions
The simulated pressure coefficients are compared in Figure 6.12. The simu-
lation with uniform grids could not accurately predict the pressure coefficients
at position 0 6 x/c 6 0.2, as presented in Figure 6.12 (a). More precisely, it
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(a) (b)
Figure 6.12: Comparison of the pressure coefficients simulated from (a) the orig-
inal uniform mesh and (b) reconstructed stretched mesh in the proximity of the
aerofoil A7 at AoA= 14◦ and Re = 105
underestimated the Cp magnitude by 60% as it did not capture the leading edge
short bubble on the suction side. The prediction on the pressure side is more
accurate than that on the suction side, and the uniform mesh in the proximity of
the aerofoil resulted in a 15% underestimation of Cp at position 0 6 x/c 6 0.05.
Despite the inaccuracies at the LE region, the simulation with uniform grids of-
fers good agreement with the experimental data. In Figure 6.12 (b) the results
simulated with reconstructed grids provide good agreement with the experimen-
tal results. The refinement of the LE region significantly increased the accuracy
of Cp prediction at the LE region compared to the uniform grids. Therefore the
reconstructed grids near aerofoil surface are used in the simulations.
6.3.8 Acoustic Calculations
The flow field of each aerofoil is simulated by LES, and subsequently the Lighthill-
Curle acoustic analogy is used to calculate the generated sound. Here we follow
the method of Suponitsky et al. [163] and consider that generated aerofoil self-
noise results primarily from dipole contribution. According to Curle’s theory of
rigid surface effects [164], the sound pressure fluctuations p′ is assumed to be
generated by a distribution of dipoles over the surface S, which is given by the
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following expression:








where x is the location of the receiver, r is the distance between the receiver and
the source, a0 is the local speed of sound and Pi(t− ra0 ) is the total instantaneous
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)dSi(y), (6.33)
where y is the location of the source, p(y, t − r
a0
) is the force per unit area that
the surface exerts on the fluid and the index i denotes the direction normal to
the integration surface.
In the present incompressible calculations, the aerofoil is considered as a com-
pact source due to the nearly zero Mach number M  1. Hence the time varia-
tions of the source have a wavelength λ approaching infinity, i.e., λ = c·M−1  1,
where c is the chord length of the aerofoil. The compact aerofoil acts as a dipole in
the streamwise and cross-flow directions, and the far-field pressure in the compact
limit is given in Howe’s work [165]:
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where i is 1 or 2, denoting the streamwise and cross-flow direction components
respectively, and Swall is the surface area of the aerofoil section. The Eq. 6.34
indicates that the compact far-field pressure is proportional to the time derivative
of the lift and drag experienced by the aerofoil.
6.3.9 Simulation Results
Although LES requires less computational resources than DNS, the requirement
for small time-steps and the three dimensional grids make the current LES consid-
erably computational expensive. Unlike RANS computations, the experimental
operating conditions cannot be replicated for all cases with LES due to the com-
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putational cost. Instead, a representative angle of attack 4◦ for both aerofoils
at Re = 105 is selected for each aerofoil as a compromise, intended to present
detailed investigations into the mechanisms behind tonal noise with limited com-
putational resources.
The CgLes simulated results of mean pressure coefficients of both aerofoils are
presented in Figure 6.13. Generally the LES reproduced the experimental Cp
distributions for both aerofoils. On the suction sides, E387 reaches its lowest Cp
of -1.07 at the position x/c = 0.055 while A7 provides its lowest Cp of -1.12 at
the position x/c = 0.078. The aerofoil A7 with continuous slope-of-curvature
distributions offers lower Cp at the suction side before the laminar-turbulent
transition, particularly at the position 0.05 < x/c < 0.2 where an obvious slope-
of-curvature discontinuity is fixed, as shown in Chapter 2.
Figure 6.13: Mean pressure coefficients at AoA = 4◦ and Re = 1× 105 from LES
computational results and the QMUL experiments
A pressure plateau is reached at position x/c = 0.4 for each aerofoil, indicating
the laminar separation position of the LSB. The LES results slightly overesti-
mated the position of the end of the pressure plateau for each aerofoil (approx-
imately 5%). The LSB sizes of both aerofoils are hence slightly overestimated.
The bubble size is overestimated equally on each aerofoil so this does not affect
the investigation into the effects of slope-of-curvature discontinuities on the un-
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steady performance. The mean pressure coefficients indicate that A7 has a 10%
smaller size of LSB than E387 due to the different flow transition positions and
turbulent re-attachment positions. On the pressure sides both aerofoils present
similar Cp distributions.
The transient Cl and Cd fluctuations for both aerofoils are presented in Fig-
ure 6.14 and Figure 6.15 respectively. At Re = 105, all the present Cl and Cd
fluctuations exhibits a more broadband frequency content. This is different from
the flow behaviour at a very low Reynolds number (say, Re = 5000 or lower) where
the vortex shedding phenomenon tends to be periodic [161]. Similarly Jones and
Sandberg [150] found that the pressure fluctuations on the aerofoil NACA0012 at
Re = 105 also does not exhibit periodic behaviour and they suggested that this
was caused by increased complexity of vortex dynamics.
(a) (b)
Figure 6.14: Comparison of LES simulated lift coefficient fluctuations of (a) E387
and (b) A7 at AoA = 4◦ and Re = 105. The dash line denotes the mean lift
coefficient
In Figure 6.14 the amplitudes of the Cl fluctuations of E387 are slightly greater
than those of A7, while the time-averaged lift coefficient of each aerofoil show a
difference of only 0.4%. In the sampled 24 seconds, the Cl of E387 fluctuates
between 0.75 and 0.85, while the Cl of A7 fluctuates between 0.77 and 0.84. The
Cd fluctuations of E387 are more significant than those of A7. A7 also presents
a lower time-averaged drag coefficient than E387.
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(a) (b)
Figure 6.15: Comparison of LES simulated drag coefficient fluctuations of (a)
E387 and (b) A7 at AoA = 4◦ and Re = 105. The dash line denotes the mean
drag coefficient
The time-averaged lift and drag coefficients obtained from the simulations are
compared with the experimental results from Chapter 5, as shown in Table 6.1.
Generally the LES results matched the experimental data. The mean Cl of both
aerofoils are slightly overestimated by the simulations compared to the experi-
mental results. This is due to the overestimation of the LSB size for each aerofoil,
as previously shown in Figure 6.13. The overestimated transition positions and
turbulent re-attachment positions increased the bubble size, resulting in higher
time-averaged lift and drag coefficients. It is not surprising that the effects of
the bubble-size overestimation are more significant on the mean Cd predictions,
because the LSB dominates the aerofoil performance at the current Reynolds
number and the LSB affects the drag performance more than the lift perfor-
mance.
Table 6.1: Time-averaged lift and drag coefficients for LES and experimental
results from Chapter 5 (denoted as Exp)
Cl Cd
Exp CgLes Error (%) Exp CgLes Error (%)
E387 0.785 0.806 2.61 0.0242 0.0281 13.88
A7 0.782 0.802 2.49 0.0223 0.0255 12.55
The simulation of A7 predicts a very similar Cl magnitude compared to E387,
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which is consistent with the experimental data. The predicted Cd magnitude of
A7 is 9.2% smaller than that of E387 because of the smaller LSB size.
Figure 6.16 shows a comparison of the wake profiles of mean streamwise velocity
for aerofoil E387 and A7, obtained from LES and hot-wire measurements at 1 and
1.3 chord lengths away from the trailing edge. The simulated velocity quantity
is normalised by the free stream velocity, and shows good agreement with the
experimental data. The simulation results correlates well with the experimental
data, although the simulated velocity deficits are slightly more significant, which
is consistent with a higher Cd in Table 6.1 compared to the experimental results.
Figure 6.16: Comparisons of the wake profiles of mean streamwise velocity for
aerofoil E387 (left) and A7 (right) at AoA = 4◦ and Re = 1×105. The two curves
in each plot correspond to two wake positions x/c = 2 and x/c = 2.3 respectively,
from bottom to top. Note the position of the aerodynamic centre is x/c = 0.25.
The amplitude of each wake profile is stepped by 0.3 in the vertical axis
A more detailed comparison of the wake velocity profiles between these two
aerofoils at five different wake stations is presented in Figure 6.17, which shows
the different streamwise velocity recovery process observed in the simulated wake
for two aerofoils. Setting the coordinate (0.25c, 0) as the aerodynamic centre of
the aerofoil (the same point based on which the aerofoil is rotated to vary the
AoA), the five wake positions range from one to three chord length away from the
trailing edge. At these five positions, each aerofoil presents the same maximum
velocity deficit value but A7 has a narrower velocity deficit region than E387,
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Figure 6.17: Comparisons of the wake profiles of mean streamwise velocity for
aerofoil E387 and A7. The five curves in the plot correspond to the wake positions
x/c = 2, 2.3, 2.5, 3.0 and 4.0 respectively, from left to right. Note the position
of the aerodynamic centre is x/c = 0.25. The amplitude of each wake profile is
stepped by 0.3 in the horizontal axis
resulting in a lower Cd.
Spectral analysis of velocity time histories in the boundary layer of each aerofoil
was conducted to investigate the flow structures and the corresponding charac-
teristics. The power spectrum of cross-flow direction velocity fluctuations of both
aerofoils are presented in Figure 6.18. The spectra were determined by applying
a fast Fourier transform to the velocity fluctuation signals. At each streamwise
sampling position the velocity signal was monitored in the aerofoil boundary
layer, at the vertical position where the velocity is half the velocity at the bound-
ary layer edge. This position is selected because it corresponds to the maximum
root-mean-square velocity in the boundary layer, and consequently is the position
where the velocity spectra can be presented most accurately.
Figure 6.18 shows the spectra of the vertical velocity in the separated shear
layer on the suction surface at AoA = 4◦ and Re = 1×105, depicting the process
of laminar-turbulent transition for both aerofoils. The streamwise locations of
the monitoring points are presented in the figure, and the spectrum amplitude of
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Figure 6.18: Spectra of the vertical fluctuating velocity component for aerofoil
E387 (left) and A7 (right) at AoA = 4◦ and Re = 1×105 . The amplitude of each
successive spectrum is stepped by one order of magnitude
the adjacent monitoring points are stepped by one order of magnitude for clarity
purpose. A similar transition process is found in the simulations for both aerofoils.
A fundamental frequency is found for each aerofoil in the separated shear layer,
and the corresponding Strouhal numbers based on the chord length are 5.54 and
5.92 for E387 and A7 respectively. The vortex shedding frequency results of E387
is consistent with the unsteady RANS computations of Lin et al. [124]. For each
aerofoil the disturbances growth is observed at position x/c = 0.54. Subsequently
the fundamental frequency presents the initiation and development of harmonics,
shortly followed by laminar-turbulent transition and the turbulent re-attachment.
At streamwise position x/c = 0.66, the transition process is observed on aerofoil
A7 due to its more energetic power spectrum, while on E387 the disturbances are
still in the process of growing and developing. This again indicates a longer LSB
on E387 due to the delayed transition and turbulent re-attachment positions. For
both aerofoils a typical turbulence spectrum is found at the streamwise position
x/c = 0.78, indicating the transition process is complete and the velocity at this
position is in the turbulent boundary layer.
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Figure 6.19: Vorticity contours of the aerofoil E387 (left) and A7 (right) at
AoA = 4◦ and Re = 1 × 105. The solid lines are the instantaneous turbulent
reattachment positions of the LSB, and the dash lines in each figure indicate the
bubble flapping range in a vortex shedding period
The fundamental frequencies observed in Figure 6.18 are used to estimate the
vortex shedding period for both aerofoils, and the vorticity contours in a cycle
of each aerofoil AoA = 4◦ and Re = 1 × 105 are presented in Figure 6.19 for
5 equally spaced time intervals. The phenomenon of LSB flapping, which is
believed to be an essential reason for the trailing edge tonal noise, is observed
for both aerofoils. The process of the bubble flapping can summarised as three
steps: developing, detachment, and redeveloping. During the phase 0/4 T on the
aerofoil E387, a spanwise vortex within the separation bubble is observed. The
vortex develops and moves downstream during the phases 1/4 T and 2/4 T . It
develops to a critical size and subsequently detaches from the leading primary
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separation between 2/4 T and 3/4 T . Consequently the original LSB is divided
into two separated portions, as shown in phase 3/4 T , and the detached vortex
moves downstream, known as ‘vortex shedding’. During the detachment process
of the vortex from 0/4 T to 3/4 T , new disturbances grow and develop into a
new vortex. At the phase of 4/4 T this new vortex meets a similar status of the
detached vortex at the phase of 0/4 T , and the redevelopment of a new vortex
in the remaining separation bubble starts. This cycle is considered as a single
period of the LSB flapping mechanism.
As shown in the vorticity contours, the flow is steadier at the front part of the
LSB compared to the vortex forming region. The more energetic fluid indicates
higher momentum in the downstream region where the vortex is being shed. The
trailing position of an undetached vortex in the separation bubble is regarded as
the instantaneous position of the turbulent re-attachment, shown as solid lines
in Figure 6.19. The arrows illustrate the position variations of the bubble re-
attachment for each aerofoil. It is observed that the instantaneous re-attachment
position of the bubble on E387 flapped from x/c = 0.76 to 0.83 in a cycle for the
five presented time intervals, as indicated with the dashed lines. The aerofoil A7
exhibits a similar ‘developing–detachment–redeveloping’ process of LSB flapping
and vortex shedding as the aerofoil E387, although the instantaneous position
of the turbulent re-attachment on A7 is typically further upstream compared to
those on E387. For the five presented intervals the instantaneous re-attachment
position of the bubble on A7 varies from x/c = 0.71 to 0.77, further corroborating
with the presented evidence of a smaller size LSB on A7 than on E387. At the
current Reynolds number Re = 105, the LSB size dominates the aerofoil perfor-
mance, especially the drag performance. The slope-of-curvature discontinuities
cause more downstream transition and re-attachment positions and hence larger
bubble size on the aerofoil E387, leading to larger scales in the flow passing the
TE. The transition process adequately in proximity of the TE is believed to be a
necessary condition to generate a pronounced tonal energy content [77, 150].
The time history of the pressure fluctuations at the trailing edge of each aerofoil
at AoA = 4◦ and Re = 1×105 was monitored within the aerofoil boundary layer,
using the same method as described the velocity signal monitoring to determine
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the vertical monitoring position. The pressure power spectra are computed as
shown in Figure 6.20, describing the frequency content of the TE noise including
the tonal noise. The horizontal axis is converted to Strouhal number in order
to perform non-dimensional analysis and compare the simulation with the ex-
perimental data. The resolution of the frequency domain ∆f is 0.125, and the
spectra have been compared with higher and lower frequency resolution to ensure
the desired signals are not neglected or affected by the numerical noises.
Figure 6.20: Pressure power spectra computed within the upper surface boundary
layer at the trailing edge for each aerofoil at AoA = 4◦ and Re = 1 × 105. Stc
denotes Strouhal number based on the chord length
Figure 6.20 shows that for both aerofoils the flow fields present broadband
contents to the TE noise. A dominant narrowband tone is observed at Stc = 6.44
in the aerofoil boundary layer of E387. This primary tone is found to be composed
of a single peak, and a higher harmonic is observed at Stc ≈ 9. The peak
frequency of the primary tone in the SPL spectrum for E387 at AoA = 4◦ which
is presented in Figure 6.6(a) is 182 Hz, and the corresponding Strouhal number is
Stc = fc/U = 6.4. It is apparent that the corresponding Strouhal number of the
primary tonal frequency in the SPL spectrum is approximately the same as the
Strouhal number of the dominant tone in the pressure fluctuation spectrum in the
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boundary layer near the trailing edge. This phenomenon was also observed in the
study by Arbey and Bataille [76], further validating the simulation accuracy. A
less significant tone in terms of amplitude on the aerofoil A7 can be found at Stc ≈
5.0. Although this Strouhal number meets the corresponding Strouhal number of
the primary tonal frequency in the SPL spectrum in Figure 6.6(b), the tone is too
weak to be observed with respect to the broadband noise. This very weak tone
on A7 is expected, because the primary tone itself at 146 Hz in the experimental
results in Figure 6.6(b) is discerned to be so weak that it can be easily neglected
in the spectra of lower frequency resolution as shown in Figure 6.4(b). Moreover,
the aerofoil tone phenomenon was proved to be very complicated and difficult to
predict [150] as it requires accurate simulations on flow separation, hydrodynamic
disturbance growth and even acoustic sound wave generation and propagation.
The overall broadband noise of E387 is greater than that of A7, because of the
differences of the LSB sizes and transition positions on two aerofoils as previously
described. Due to its transition positions further downstream, the flow near the
TE of E387 contains larger scale coherent structures which appear to be more
energetic and more possibly be promoted to acoustic tonal behaviour.
To quantitatively investigate the effects of surface slope-of-curvature disconti-
nuities on the self-noise levels of the aerofoil, the SPL spectra of both aerofoils
are calculated with Eq.6.1. The farfield pressure fluctuations are estimated with
Eq.6.34. The results are shown in Figure 6.21. It must be noted that it is
meaningless to directly compare the numerical SPL spectra with the broadband
spectra of the experimental results because of the effects of the background noise
of the wind tunnel. Nevertheless, the characteristics of the tonal noise from the
experimental work provide references for the current numerical study.
Similar to the pressure spectrum, a single primary tone is observed in the SPL
spectrum of the aerofoil E387. The corresponding Strouhal number is found to
be 6.45 in the magnified view in Figure 6.21. It is consistent with the Strouhal
number of the dominant tonal peak in the experimental results as shown in the
upper and lower sub-figure, and consistent with the primary peak in the pres-
sure spectrum shown in Figure 6.20, i.e., the same peak frequency described by
Arbey and Bataille [76]. The SPL magnitude of the simulated primary tone is
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Figure 6.21: The LES results of the noise level spectra for the both aerofoils at
AoA = 4◦ and Re = 105. Stc denotes Strouhal number based on the chord length.
The upper and lower sub-figures are magnified views of the experimental and
numerical SPL spectra respectively in the vicinity of the dominant tones. Both
experimental and numerical results are considered at position 2 in Figure 6.3
5 dB smaller than in the experimental data, probably due to the existence of
background noise of the wind tunnel experiments. Another possible reason is the
instinctive characteristic of LES as a subgrid model is used in LES to model the
small scales in the flow. Modelling small scales in LES can cause the pressure
fluctuations to be underestimated [166], leading to a lower SPL estimation. It is
difficult to discern a primary tone in the SPL spectrum of the aerofoil A7 with
respect to the broadband noise. In the magnified sub-figure, a weak tone is de-
tectable at Stc ≈ 5.1 which is consistent with the experimental results and the
numerical pressure spectrum.
The LES predicted that overall broadband noise on E387 would be greater
than that on A7, especially at a Strouhal number lower than 10 and greater
than 30. This is because the time derivative variations of the aerodynamic forces
(Eq.6.34) on E387 is more significant than those on A7, as shown in Figure 6.14
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and Figure 6.15. It is convenient to provide a measure of the overall acoustic
noise intensity: the overall sound pressure level (OASPL), which can be calcu-
lated from integrating over the entire frequency range in a SPL spectrum. It is
found that the OASPL of E387 and A7 is 47.6 dB and 44.5 dB. The continu-
ous slope-of-curvature distributions result in fewer significant fluctuations in the
time derivative of the aerodynamic forces, leading to a 3.1 dB reduction in overall
broadband noise level on A7 compared to E387.
6.4 Summary
In this chapter the surface slope-of-curvature distributions are taken into con-
sideration to investigate their effects on aerofoil tonal noise phenomenon. This
has not been investigated previously to the best of the author’s knowledge. The
anechoic wind tunnel experimental study is performed on aerofoils E387 and A7
to investigate their self-noise performance at low Reynolds numbers. Three AoAs
are considered in the experiment and for both aerofoils tonal phenomena are ob-
served at AoA = 2◦ and 4◦, while no tonal noise is observed at AoA = 6◦. The
slope-of-curvature discontinuities resulted in approximately 13% more significant
tonal noise on E387 in terms of the amplitude compared to the aerofoil A7. The
corresponding frequency of the primary tone on A7 is found to be 32 Hz lower
than that on E387.
An in-house code named CgLes is used to perform three-dimensional LES on
both aerofoils to further investigate the unsteady performance of each aerofoil.
As in previous chapters, a larger laminar separation bubble is found on the aero-
foil with slope-of-curvature discontinuities at AoA = 4◦ and Re = 1 × 105. In a
time dependent study of the boundary layer characteristics on both aerofoils, it
is found that they share nearly identical laminar separation positions while the
turbulent re-attachment position of E387 is further downstream compared to A7,
causing bubble flapping positions closer to the trailing edge, which resulted in a
more significant tone in the pressure spectra monitored within the boundary layer
of the TE of the aerofoil. The corresponding Strouhal number of the dominant
tone for each aerofoil is found to be consistent with the farfield noise spectra,
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both experimentally and numerically. The LES results also showed a 6.5% re-
duction in overall broadband noise level on A7 with continuous slope-of-curvature
distributions compared to E387.
Chapter 7
Conclusions and Future Work
7.1 Conclusions
This dissertation investigated the effects of surface curvature and slope-of-
curvature discontinuities on the performance of aerofoils used in small wind
turbines are studied both experimentally and numerically. NACA0012, a typ-
ical aerofoil used in small VAWTs, and E387, a typical aerofoil used in small
HAWTs, are selected to respectively represent the aerofoils with curvature and
slope-of-curvature discontinuities. The CIRCLE method is used to remove these
curvature and slope-of-curvature discontinuities from NACA0012 and E387. The
redesigned aerofoils are denoted as QM13F and A7 respectively.
In terms of the effects of surface curvature discontinuity, which is exhibited at
the LE point of NACA0012, it affects the lift and drag performance of the aerofoil
near the stalling angle in the steady flow. Numerical investigations show that at
Re = 1.35 × 105, the removal of the discontinuous point increased the stalling
angle by 0.5◦, and resulted in up to 35% lift and drag performance improvements
near the stalling angle. The original aerofoil NACA0012 and the redesigned
aerofoil QM13F are subsequently applied to the blades of a 5 kW VAWT to
investigate the effects of surface curvature in unsteady cases. It was found that
the surface curvature discontinuity mainly influenced the blade performance in
the first half of the rotation cycle where the relative attack angles are all positive.
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The removal of the surface curvature discontinuity resulted in an increase which
is varied from the tip speed ratio in the predictions of the power coefficient, and
the maximum increase is 9.7% at tip speed ratio 3.5. Profound improvements in
aerodynamic performance are achieved by fixing only one discontinuous point on
the aerofoil with an nearly identical profile, therefore continuous surface curvature
distributions of an aerofoil are essential for external aerofoils and blades especially
those operating at a wide range of AoA.
In terms of the effects of slope-of-curvature discontinuities, which is exhibited
on the profile of E387, subsonic wind tunnel experiments show that the impact
of the aerofoil slope-of-curvature distribution on the aerodynamic performance is
more profound at higher angles of attack and lower Reynolds number. It is found
that continuous distributions of slope-of-curvature improved aerofoil performance
by increasing the lift and decreasing the drag at angles of attack higher than 8◦,
and by decreasing drag coefficients at angles of attack lower than 7◦. These im-
provements are dominated by laminar separation bubbles at low Reynolds num-
bers. The separation bubble sizes were deduced from the experimental results of
Cp distributions, and also predicted and visualised by numerical methods. For the
cases at relatively low angles of attack, the slope-of-curvature distributions affect
the pressure difference between the suction and pressure sides of the aerofoil and
the extent of the laminar separation bubble. The bubble sizes were significantly
reduced by removing the discontinuities of slope-of-curvature, and the drag is
consequently reduced. At higher angles of attack, continuous slope-of-curvature
distributions delayed leading edge separation, laminar-turbulent transition and
trailing edge separation, resulting in a higher lift and a lower drag. Through these
mechanisms a higher stalling angle is achieved due to the continuous distributions
of slope-of-curvature. Besides the experimental results, the numerical results also
demonstrated that the skin friction is reduced and improved aerodynamic perfor-
mance is achieved by improving the curvature distributions of the aerofoil. The
original aerofoil E387 and the redesigned aerofoil A7 are subsequently applied to
the blades of a 3 kW HAWT to estimate the output energy improvement due to
the effects of slope-of-curvature. It is found that the instantaneous output power
can be increased by 10% and the increase in the annual energy production is
1.62% which is of significance when considering the cumulative installed capacity
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of small wind turbines.
The surface slope-of-curvature distributions are also taken into consideration to
investigate their effects on aerofoil tonal noise phenomenon. The anechoic wind
tunnel experiments at low Reynolds numbers showed that the slope-of-curvature
distributions affect the dominant tonal noise on E387 when the AoA is not greater
than 4◦. The slope-of-curvature discontinuities resulted in approximately 13%
more significant tonal noise on E387 in terms of the amplitude compared to
the aerofoil A7, while the corresponding frequency of the primary tone on the
aerofoil with continuous slope-of-curvature distributions is found to be 32 Hz
lower than that on E387. At AoA = 4◦ and Re = 1 × 105, three-dimensional
time dependent LES studies of the boundary layer characteristics are performed
on both aerofoils. It is found that the positions of laminar separation are nearly
identical on both aerofoils, while the turbulent re-attachment position of E387 is
further downstream compared to A7, causing bubble flapping positions closer to
the trailing edge, which resulted in a more significant tone in the pressure spectra
monitored within the boundary layer of the TE of the aerofoil. The corresponding
Strouhal number of the dominant tone for each aerofoil is found to be consistent
with the farfield noise spectra, both experimentally and numerically. The LES
results also showed a 6.5% reduction in overall broadband noise level on A7 with
continuous slope-of-curvature distributions compared to E387.
In conclusion, the experimental and numerical results from this study suggest
that aerofoil surface curvature and slope-of-curvature distributions have signifi-
cant effects on the performance of the aerofoils used in small wind turbines by
affecting the boundary layer behaviour. Aerofoils with continuous curvature and
slope-of-curvature distributions present better control of the laminar separation
bubbles and flow separation to reduce drag performance, better aerofoil profile
to increase the pressure difference between the suction and pressure sides to in-
crease lift performance, eventually leading to an improved aerofoil aerodynamic
performance. Continuous slope-of-curvature distributions also result in smaller
extent of the laminar separation bubble flapping on the aerofoil, leading to better
acoustic performance at low Reynolds numbers. The research provides an aerody-
namic method to increase the power generation efficiency of small wind turbines
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through improving the aerofoil performance, without changing the aerofoil profile
significantly or integrating other passive or active control devices.
7.2 Future Goals
The experimental and numerical investigations documented in this dissertation
have made an initial contribution to the study of surface curvature effects on the
performance of aerofoils used in external device, including small wind turbines.
In the present study, the attention is paid to the effects of the slope-of-curvature
discontinuities on the performance of low Reynolds number aerofoils. Hence we
tested the original and redesigned aerofoils at the same operating conditions, i.e.,
in the same wind tunnel with a consistent low turbulence intensity (TI). It is
essential to first study low TI conditions before addressing the effect of higher TI
and we believe that this is the first step of a series of studies.
Nevertheless, it will be of interest to investigate the effects of TI on the per-
formance of aerofoils with and without surface curvature and slope-of-curvature
discontinuities, because the inflow TI experienced by small wind turbines in real
life is much higher than in a low turbulence wind tunnel. The author believes
that further experimental and theoretical researches would provide additional in-
sight into the application of the aerofoils with continuous surface curvature and
slope-of-curvature distributions on external device and the mechanism behind.
Studies show that significant delay of stall can be observed when the TI was
raised to 4% or more [142, 143, 144], while Li et al. [167] argued that the increased
TI may not delay the stall for all the Reynolds number as the stall phenomenon
cannot be observed at a low TI and a very low Reynolds number. Meanwhile
Literature results showed mixed trend on the effects of higher TI on lift per-
formance and laminar separation bubbles (LSBs), especially when the angle of
attack (AoA) is lower than the stalling AoA determined at a low TI. Literatures
suggested that no significant changes in the lift-AoA curve before the low-TI
stalling angle with a higher TI [142, 143, 144]. Swalwell et al. [144] observed that
the LSB region in pressure distributions of the aerofoil 4421 at 10 degree AoA
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barely change with four different TI, indicating that a higher TI barely affects the
size of the LSB. However, Stack [79] reported that the maximum lift coefficients
of NACA 0006 and NACA0021, as well as their lift coefficients before the low-TI
stalling angle, decreased with a higher TI at low Reynolds numbers. Lower lift
coefficients indicate that the size of the LSB decreased with an increasing TI,
possibly resulted from a premature laminar-turbulence transition. Moreover, the
oil flow visualization work of Hoffmann [168] showed that the LSB disappeared
on an NACA0015 at AoA 17◦ and Reynolds number 2.5 × 105 when the TI was
increased to 9%.
It is expected that the stalling angle of the aerofoil with curvature or slope-of-
curvature discontinuities will be increased when increasing the turbulence inten-
sity based on the literature [142, 143, 144], and removing these discontinuities
from the aerofoil may further improve the aerodynamic performance including the
stalling angle and hence increase the energy output according to current study.
This is still open for future investigation.
Appendix A
Blade Element/Momentum (BEM) Method for a VAWT
Following Chapter 4, we present a detailed derivation of the Blade Ele-
ment/Momentum (BEM) method for a VAWT as follows. For convenience, we
introduce an interference factor a and 0 < a < 1. Using the geometrical relation-
ship shown in Figure 4.8, we have
~U = ~U∞(1 − a), (A.1)
where U∞ is the wind speed upstream of the turbine and U is the wind speed of
the blade proximity. With Eq. 4.4 and Eq. A.1, Eq. 4.7 can be written as:
tanα =
(1 − a)sinθ
λ + (1 − a)cosθ , (A.2)
where α is the angle of attack (AoA), θ is the azimuth angle of a blade and
λ is the tip speed ratio (TSR). The AoA variation depending on the TSR was
presented in Figure 4.9. The tangential and normal force coefficients Ct and Cn
can be calculated from Eq. 4.6 and Eq. 4.10:
Cn = Clcosα + Cdsinα, Ct = Clsinα −Cdcosα. (A.3)
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We are interested in the force element against the wind direction in order to
match it with the same direction force component from the momentum theory.
This is the basic principal of the Blade Element/Momentum (BEM) method for
a H-type VAWT as used in this dissertation. From the blade element analysis in
Figure 4.8, the force element against the wind direction can be described as:
−d ~FU = −
1
2
ρ ~W 2c(Ctcosθ − Cnsinθ) · dz, (A.4)
where the subscript U denotes the wind direction, ρ is the air density, ~W is the
local relative velocity, c is the chord length of the blade and dz is the blade
element length. From the momentum theory, the force acting on the rotor can
be calculated from:
d ~D = 2ρ ~U∞
2
a(1 − a)dxdz, (A.5)
where dx = Rsinθdθ and R is the rotating radius. we assume that d ~FU(θ) =
d ~FU(−θ), therefore
d ~D = −d
~FU · b · dθ
π
, (A.6)
where b is blade numbers of the VAWT, and we average over half a circle.
Using the geometrical relationship as shown in Figure 4.8, Eq. 4.5 can be
written as:
W 2 = (Ucosθ + ωR)2 + (Usinθ)2, (A.7)
where ω is the rotating speed of the rotor. With Eq. A.1 and Eq. 4.4, the above
equation can be written as:
W 2 = U∞
2{[(1 − a)cosθ + λ]2 + [(1 − a)sinθ]2}, (A.8)
Hence with Eq. A.6 and Eq. A.8, we have
a(1 − a) = σ
2π
(Ct · atanθ − Cn) · {[(1 − a)cosθ + λ]2 + (1 − a)2sin2θ}, (A.9)
where σ = bc/2R is the local solidity. Eq. A.2 and Eq. A.9 can be solved simul-
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taneously to determine a(θ).





ρW 2 · c ·Ct · dz. (A.10)
Hence for a H-type VAWT with a radius R and a height H, the shaft power can








ωR · dFt · dθ. (A.11)









W 2Ct · dz · dθ. (A.12)
Appendix B
Blade Element/Momentum (BEM) Method for a HAWT
B.1 Actuator Disk Theory
Following Chapter 5, we present a detailed derivation of the Blade Ele-
ment/Momentum (BEM) method for a HAWT as follows. This theory is prob-
ably the simplest form of modelling the rotor’s aerodynamics. The theory is
incomplete as it treats the rotor as a thin disc while neglecting what is inside.
Nevertheless it lays the foundation for the Blade Element Method (BEM) that
is commonly used to compute the rotor’s aerodynamic performance. The flow
is assumed as incompressible, one dimensional and irrotational. The air velocity
V is taken as continuous through the thin disc representing the rotor, but the
pressure is discontinuous. Hence the aerodynamic thrust acting on the disc can
be described as a function of the pressure drop:
T = A(p1 − p2), (B.1)
where A is the rotor’s swept area, p1 is the static pressure just in front of the
rotor and p2 is the static pressure just behind it. Using control volume arguments
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(V0 − Vout), (B.2)
where dm
dt
is the air’s mass flow going through the disc, V0 is the air (wind)
velocity far upstream of the disc and Vout is the air velocity far downstream of
the disc where the static pressure recovers to the ambient pressure, as shown in
Figure B.1.
Figure B.1: Schematic digram of a streamtube model for a HAWT
The two expressions for the thrust T must be equal. Using Bernoulli’s equation
for the upstream and downstream region separately it can be shown that




2 − Vout2), (B.3)
where ρ is the air density. Combining the above equation with the two expressions
for the drag D, it can be shown that the air velocity V at the disc is simply the
average between V0 and Vout or in other words,
V = V0(1 − a), Vout = V0(1 − a), (B.4)
where a is called the axial induction factor which is yet to be determined. This is
a simple but an important result leading to the formulation of the BEM method.
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The overall power P extracted by the disc from the air is as the loss in the rate







2 − Vout2), (B.5)





= 4a(1 − a)2, (B.6)
This expression for CP has a maximum value of 16/27 at a=1/3. This is the
Lanchester-Betz limit and it is the upper limit that a non-shrouded turbine can
achieve as aerodynamic losses due to non-uniformity in the flow, viscosity and
circulation were not accounted in this theory. Theoretically, if ignoring the ef-
ficiency losses associated with the rotating wake and with the high tangential
velocities close to the rotor axis, it is possible to exceed the Lanchester-Betz
limit [169]. But until the present moment, there is not a real wind turbine that
can achieve the Lanchester-Betz limit.
B.2 Steady Blade Element/Momentum (BEM)
Theory
The BEM method completes the missing information in the actuator disc theory
by accounting for the blade’s aerodynamics. It also recognizes that the time-
averaged flow may vary in the radial direction but not in the azimuthal direction
when neglecting the effect of the pillar and the ground. The disc is divided
into rings or annular segments which are considered to act independently of each
other. Then the same arguments used for the 1D actuator disc can be used for
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each ring, leading for the thrust force coefficient acting on the ring to be





where dD is the drag force acting on the ring and dA is the area of the ring. Note
that unlike in the 1D actuator disc the axial induction factor a can vary with its
local radius r.
The above expression for CT is inaccurate for high a’s. Several empirical for-
mulae were suggested to correct this. Here we will use Hansen [170]’s proposal:
CT =
{
4a[1 − a]Fp, a ≤ ac
4[a2c + (1 − 2ac)a]Fp, a > ac
}
(B.8)










where b is the number of blades, R is the rotor’s radius and φ is the flow angle
as relative to the blade’s profile. Hansen recommends taking ac as 0.2. Other
expressions for Cf at high a can be found in Refs. [170, 171, 172].
The lift and drag acting on the blade’s profile are perpendicular and parallel
respectively to W in Figure B.2. If the angle of attack α is known, the static
relationship between the lift, drag and α can be used to calculate the aerodynamic
forces. This is a fundamental assumption in the steady BEM approach. The
tangential and normal force coefficient of a blade element can be calculated from
Eq. A.3, and the attack angle α can be calculated from
α = φ− θ (B.10)
where φ is the inflow angle as same as in Eq. B.9, and θ is the pitch angle of the
blade. The air’s tangential velocity “seen” by the blade’s profile is proportional
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Figure B.2: Inflow velocity and aerodynamic forces on blade element
to the rotor’s angular speed Ω as shown in Figure B.2, where the contribution of
the circulation produced by the blade is accounted by the rotational induction





where ω and Ω respectively denote the angular velocity of the proximal wake
behind the rotor and the angular velocity of the rotor. Thus the inflow angle can





where the local speed ratio is λr =
Ωr
V0
. To distinguish from the above Ct and Cn,
we use C ′t and C
′
n to denote the tangential and normal force coefficient to the
rotation plane,
C ′n = Clcosφ + Cdsinφ, Ct = Clsinα − Cdcosα. (B.13)
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where Cl and Cd are the lift and drag coefficients respectively of the blade’s
profile.
The elemental thrust dT generated in the rotor can be calculated with the
momentum theory:
dT = 2πr · dr · ρ · V0(1 − a) · (V0 − Vout). (B.14)
dT can also be determined with the blade element theory:
dT = b · c · 1
2
ρW 2 · C ′n · dr. (B.15)
where b is blade numbers of the HAWT, c denotes the chord length of the aerofoil
and W is the local inflow velocity, which can be determined by:
W 2 = [V0(1 − a)]2 + [Ωr(1 + a′)]2. (B.16)
Hence equating Eq. B.14 with Eq. B.15, and considering Prandtl’s tip loss factor
in Eq. B.9, we have:
a




where the local solidity is σ = bc/(2πr). Similarly we calculate the elemental
torque dQ generated in the rotor with the momentum theory and blade element
theory respectively, and by equating them we obtain an equation about the tan-
gential induced velocity factor a′:
a′




The blade can be divided to radial segments, where a, a′ and φ are found for the
midpoint of each segment by using Eqs. B.12, B.17 and B.18. A Newton-Rapson
solver or similar can be used, but commonly a linear iterative procedure is used.
a and a′ are initially taken as zero (or an empirical value) and the flow angle φ
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is calculated from Eq. B.12. The attack angle α is calculated by subtracting the
blade’s pitch angle θ from φ in Eq. B.10. Subsequently Cl and Cd values of the
aerofoil are used and fed into Eq. B.13 that is made to get C ′n and C
′
t and hence
match Eq. B.17 to yield a new value for a and into Eq. B.18 to yield a new a′.
If these new values are close enough to the old values of a and a′, the iterative
procedure stops, otherwise it restarts by calculating φ using those new values of
a and a′ in Eq. B.12 and repeat the iterations.
Once the induction factors a and a′ are known, the overall power coefficient





a′(1 − a)r̄3dr̄, (B.19)
where λ is the tip speed ratio of the rotor, and r̄ = r/R.
Since the work of Wilson and Lissaman [173], BEM theory has been widely
used in engineering applications due to its relatively simple model and mild cal-
culation cost, playing a key role in wind turbine design [174], performance cal-
culation [175] and dynamic loading calculation [176] and being improved and
adapted for other application fields [177, 178, 179]. The classical BEM is based
on a two dimensional quasi-steady assumption so that it is not capable of dealing
with non-axial or unsteady operation conditions. To improve the precision and
broaden the range of applications, the classical BEM can be applied with various
modified models including thrust correction model [180], tip and root correction
model [181], dynamic stall model [182, 183, 184], dynamic inflow model [185, 186]
and three dimensional rotational effects model [187, 188].
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